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Foreword

A stratified pseudomanifold is normal if its links are connected. A norma-
lization of a stratified pseudomanifold X is a normal stratified pseudomanifold
XN together with a finite-to-one projection n : XN → X preserving the inter-
section homology. Recall that intersection homology is the suitable algebraic
tool for the stratified point of view: it was first introduced by Goresky and
MacPherson in the pl-category and later extended for any topological strati-
fied pseudomanifold [2], [3]. Following Borel the map n is usually required to
satisfy the following property: For each x ∈ X there is a distinguished neigh-
borhood U such that the points of n−1(x) are in correspondence with the
connected components of the regular part of U . A normalization satisfying
the above condition always exists for any pl-stratified pseudomanifold [4], [6].
In this article we study the main properties of the map n. More precisely, we
prove that n can be required to satisfy a stronger condition: it is a locally
trivial stratified morphism preserving the conical structure transverse to the
strata. We make an explicit construction of such a normalization for any topo-
logical stratified pseudomanifold. Our construction is functorial, thus unique.
We exhibit the relationship between the stratifications of X and XN . Finally
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we prove that the normalization preserves the intersection homology with the
family of perversities given in [7], see also [5], [9]. This family of perversities
is larger than the usual one. With little adjust our procedure holds also in
the C∞ category.

1. Stratified pseudomanifolds

For a detailed treatment of the results contained in this section, see [8].

Manifolds considered in this paper will always be topological manifolds.
A topological space is stratified if it can be written as a disjoint union of
manifolds which are related by an incidence condition.

Definition 1.1. Let X be a Hausdorff, paracompact, second countable
space. A stratification of X is a locally finite partition S of X in connected
and locally closed subspaces called strata, satisfying

(1) Each stratum is a manifold with the induced topology.
(2) If a stratum S intersects the closure S′ of another stratum S′ then S ⊂ S′

and we say S′ lies on S.
(3) There exist open strata, all of them having the same dimension.

If this situation we say X is a stratified space. A stratum is regular if it is
open and singular if not; the dimension of X is the dimension of the open
strata; which we write dim(X). The regular part (resp. singular part) is the
union of regular (resp. singular) strata. We write the singular part with the
symbol Σ. For any paracompact subspace Y ⊂ X the induced partition is the
family SY whose elements are the connected component of Y ∩ S, where S
runs over the strata of X. If SY is a stratification of Y then we say that Y is
a stratified subspace.

Examples 1.2. Here there are some examples of stratified spaces:
(1) For every manifold the canonical stratification is the family of its connec-
ted components. For every connected manifold M and every stratified space
X the canonical stratification of the product M ×X is the family of products
M × S such that S is a stratum of X.
(2) The canonical stratification of the n-simplex ∆ ⊂ Rn+1 is the family of
connected components of ∆j−∆j−1, where 0 ≤ j ≤ n and ∆j is the j-skeleton
of ∆. Any face of ∆ is a stratified subpace.
(3) For every compact stratified space L the cone of L is the quotient space
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c(L) = L × [0,∞)/L × {0}. We write [p, r] for the equivalence class of
(p, r) ∈ L × [0,∞), the symbol ? denotes the equivalence class L × {0}
called the vertex. By convention c(∅) = {?}. The radium is the func-
tion ρ : c(L) → [0,∞) defined by ρ[p, r] = r. For every ε > 0 we write
cε(L) = ρ−1[0, ε). The canonical stratification of the cone is the family

Sc(L) = {?} t {S × R+ : S is a stratum of L}.
Every cε(L) is a stratified subspace of c(L). A basic model is a product
M × c(L) of a contractible manifold M with the cone.

Lemma 1.3. If S is a stratification of X then

(1) The relationship S ≤ S′ ⇔ S ⊂ S′ is a partial order on S.

(2) For any stratum S the family of strata lying on S is finite.

(3) A stratum is maximal (resp. minimal) ⇔ it is open (resp. closed).

(4) The regular part is a dense open subset.

(5) If X is compact then it has a finite number of strata.

By the above lemma, the union of closed strata is called the minimal part
of X, which we write Σmin.

Since the stratification is locally finite, strict order chains

S0 < S1 < · · · < Sp

are always finite. The length of X is the maximal p for which there exists
such an order chain, we write it len(X). For instance, len(X) = 0 if and only
if X is a manifold with the canonical stratification.

A function f : X → X ′ between two stratified spaces is a morphism (resp.
isomorphism) if

(1) f is a continuous function (resp. an homeomorphism).
(2) f preserves the regular part: f(X − Σ) ⊂ (X ′ − Σ′).
(3) f sends smoothly (resp. diffeomorphicaly) strata into strata.

For instance the change of radium fε : c(L) → cε(L) defined by fε[p, r] =
[p, 2ε · arctan(r)/π] is an isomorphism. A morphism f is an immersion when
f(X) is a stratified subspace of X ′ and f is an isomorphism from X onto
f(X). An embedding is an immersion whose image is open.

A stratified pseudomanifold is a stratified space having a conical behavior
near the singular part, transversally to the singular strata.
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Definition 1.4. Fix a stratified space X (and a stratification S), take a
stratum S and a point x ∈ S. A chart in x is the embedding of a basic model

ϕ : U × c(L) → X

such that U ⊂ S is a contractible open neighborhood of x and ϕ(u, ?) =
u for each u ∈ U . The image Im(ϕ) is a distinguished neighborhood of
x. The compact stratified space L is the link of the chart. Notice that
len(L) < len(X). An atlas of S is a family of charts with the same link
AS = {α : Uα× c(L) → X}α such that {Uα}α is a covering of S. We say that
X is a stratified pseudomanifold if every stratum has an atlas whose link is a
stratified pseudomanifold itself. In that case, an atlas of X is the choice of an
atlas for each stratum.

Examples 1.5. These are the three examples of stratified pseudomani-
folds the most frequently used in this work:
(1) Every manifold (with the canonical stratification) is a stratified pseudo-
manifold, the link of any stratum being the empty set. For every manifold
M and every stratified pseudomanifold X the product M ×X is a stratified
pseudomanifold.
(2) If L is a compact stratified pseudomanifold then the open cone c(L) is a
stratified pseudomanifold. The link of the vertex is L.
(3) The canonical n-simplex ∆ ⊂ Rn+1 is a compact stratified pseudomanifold,
the links are faces of ∆.

Lemma 1.6. If X is a stratified pseudomanifold then

(1) Any two strata S < S′ satisfy dim(S) < dim(S′).
(2) The family of distinguished neighborhoods is a base of the topology

of X.

(3) Every open subset of X is itself a stratified pseudomanifold.

2. Normalizations and normalizers

From now on we fix a stratified pseudomanifold X and an atlas of X. In
this section we will provide a detailed construction of the normalization of X.
A stratified pseudomanifold is normal if its links are connected. For instance
the canonical n-simplex ∆ ⊂ Rn+1 is a normal stratified pseudomanifold. If
X is a normal stratified pseudomanifold then any open subset A ⊂ X is also
normal, and any link of X is normal. The following result is straightforward.
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Lemma 2.1. Each connected normal stratified pseudomanifold has only
one regular stratum.

The normalization of X is made up by cutting along the singular strata.

Definition 2.2. A normalization of a stratified pseudomanifold X is a
proper surjective morphism

n : XN → X

from a normal stratified pseudomanifold XN to X, together with a family of
normalizations of the links {nL : LN → L}L (of some fixed atlas) satisfying

(1) The restriction n : (XN − Σ) → (X − Σ) is an isomorphism.
(2) For each singular point z of XN there is a commutative diagram

U × c(L)N ϕN

→ XN

↓n0 ↓n
U × c(L)

ϕ→ X

(1)

satisfying

(a) ϕ is a chart of n(z).
(b) c(L)N = tj c(Kj) where K1, . . . , Km are the connected components

of LN .
(c) ϕN is an embedding and Im(ϕN ) = n−1(Im(ϕ)).
(d) n0(u, [p, r]j) = (u, [nL(p), r]) where [p, r]j ∈ c(Kj).

In the above situation we will say XN is a normalizer of X.

Examples 2.3. These are three easy examples of normalizations:
(1) For any normal stratified pseudomanifold Z the identity 1Z is a normali-
zation.
(2) Left vertical arrow n0 of diagram (1) is a normalization.
(3) Fix a normalization n : XN → X. Then for every open subset A of X the
restriction n : n−1(A) → A is a normalization of A. If X ′ is another stratified
pseudomanifold and f : X → X ′ is an isomorphism then the composition fn

is a normalization of X ′. Finally, for every manifold M the map

1M × n : M ×XN → M ×X

is a normalization of M ×X.
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The stratification of a normalizer can be written in terms of the starting
stratified pseudomanifold.

Proposition 2.4. If n : XN → X is a normalization then

(1) For each stratum S the restriction n : n−1(S) → S is a locally trivial
finite covering.

(2) Every stratum of XN is a connected component of n−1(S) for some
stratum S of X.

(3) n−1(Σmin) = Σmin and len(XN ) = len(X).

Proof. (1) It follows directly from § 2.2. (2) Fix a stratum S of X. Since
any two strata R, R′ ⊂ n−1(S) have the same dimension of S, they cannot be
compared. Consequently n−1(S) ∩ R = R; so R is a closed, connected and
codimensional submanifold of n−1(S). Hence it is a connected component.
(3) In order to prove the first equality we first notice that
(a) If S is a stratum and R ⊂ n−1(S) is a stratum then n(R) = S: By step
(1) of this proof and the fact that n is proper; it follows that n(R) is a closed,
connected and codimensional submanifold of S.
(b) Strata contained in n−1(Σmin) are not comparable: It follows from step
(2), and the fact that minimal strata in X are not comparable (they are
disjoint closed subsets).
Next fix a stratum R of XN . By § 1.3 it suffices to show that that R is closed
⇔ S = n(R) is closed. Then ⇐ follows from step (2) and the continuity of n.
By the other hand, since n is a proper map; the converse ⇒ follows from step
(a). This proves the first equality. The second equality is straightforward, it
can be deduce from the first one by an inductive argument.

In order to show the uniqueness of the normalization we will establish its
functoriality.

Proposition 2.5. (The lifting property) Let n : Y N → Y be another
normalization, f : X → Y a continuous map preserving the regular part. Then
there is a unique continuous function fN making commutative the following
diagram

XN fN

→ Y N

↓n ↓n
X

f→ Y
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Proof. If there exists such a map fN , then in XN − Σ it satisfies

fN = n−1fn

So fN is unique because XN −Σ is an open dense. The above equation shows
that we only need to define fN in the singular part. Fix a singular point z
of XN ; we will say that fN (z) = v if there exists a sequence {zj} ⊂ XN − Σ
converging to z, such that {fN (zj)}j converges to v. Such a v always exists
because XN − Σ is an open dense and the normalizations are proper maps.
Notice that, by definition

n(v) = n

(
lim

j
fN (zj)

)
= lim

j
nfN (zj) = lim

j
fn(zj) = y (2)

Consequently, v ∈ n−1(y). Then:
• The lifting is well defined: Since this is a local matter, we can suppose that
XN is connected and little. By §2.1 XN has a unique regular stratum R (and
so does X). Take a chart ψ : V × c(L) → Y of y = fn(z) as in diagram (1).
Assume that f(X) ⊂ Im(ψ), so we get a diagram

XN fN

99K Y N ψN

← V × c(L)N

↓n ↓n ↓n0

X
f→ Y

ψ← V × c(L)

where the dashed arrow fN is well defined in the regular part. So the composi-
tion (ψN )−1fN sends R in a regular stratum U×R′×R+ ⊂ U×c(L)N . Notice
that R′ = Kj is a connected component of LN . So, for any sequence {zi}i ⊂ R
converging to z the sequence {(ψN )−1fN (zi)}i is contained in U × c(Kj).
Hence

lim
i

(ψN )−1fN (zi) = (fn(z), ?j) ∈ U × {?j}

This implies that fN (z) = ψN (f(x), ?j) is well defined.
• The lifting is continuous: This is easily seen by taking limits.

Theorem 2.6. (Functoriality) In the same situation of § 2.5, if f is a mor-
phism (resp. an embedding or an isomorphism) then so is fN .

Proof. We consider three cases:
(a) f is a morphism: Since fN is continuous and nfN = fn, by §2.4, it sends
strata into strata. Hence fN is a morphism.
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(b) f is an isomorphism: The inverse morphism f−1 lifts to a unique morphism
g : Y N → XN such that ng = f−1n. Notice that

ngfN = f−1nfN = f−1fn = 1Y n

so gfN is a lifting of the identity 1Y . Since the lifting is unique gfN = 1N
Y

is the identity of Y N . With the same argument fNg = 1N
X is the identity of

XN , thus g is the inverse of fN .
(c) f is an embedding: Notice that the restriction n : n−1(f(X)) → f(X) is a
normalization, because f(X) is open. Now apply step (b) to the isomorphism
f : X → f(X).

Corollary 2.7. Normalizations and normalizers are unique up to iso-
morphisms.

Now we will prove the existence of a normalization of X.

Theorem 2.8. Each stratified pseudomanifold has a normalization.

Proof. Fix a stratified pseudomanifold X and an atlas.
• Reduction to a local matter: Proceed by induction on p = len(X). For
p = 0 it is trivial, assume the inductive hypothesis. Then each link of X has
a normalization and for each chart ϕ : U × c(L) → X the composition ϕn0 is
a normalization of Im(ϕ), where n0 is the map given in § 2.2. The family

U = {A ⊂ X : A is open and has a normalizer}

is a basis of the topology of X (see § 1.6), and it is closed by finite intersections
(see § 2.3) and by arbitrary disjoint unions. By a Mayer-Vietoris argument
known as the Bredon’s Trick [1], it suffices to consider the case when X = A∪B
for two open subsets A,B having normalizations

nA : AN → A nB : BN → B

By Theorem 2.6 there is an isomorphism φ such that the following diagram
commutes

n−1
A (A ∩B)

φ→ n−1
B (A ∩B)

↓nA ↓nB

A ∩B
1→ A ∩B

nBφ = nA (3)
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• Construction of the normalizer: Define XN as the sum of AN and BN

amalgamated by the isomorphism φ, i.e.;

XN = AN tBN/ ∼ z ∼ φ(z) ∀z ∈ n−1
A (A ∩B) (4)

We write[z] for the equivalence class of z ∈ AN t BN . Endow XN with the
quotient topology induced by the canonical projection q : z 7→ [z]. Since φ
is an isomorphism it’s easy to see that XN is a stratified space and q is a
surjective morphism.
• Embedding of AN and BN in XN : The arrow q : AN → XN is continuous
and injective by definition. For every subset R ⊂ AN we have

q−1q(R) = R t φ(R ∩ n−1
A (B))

If R is open then so is q(R), which implies q |AN is open. By the other hand,
if R is a stratum then q sends it into a stratum of XN and q : R → q(R) is a
homeomorphism. Hence, q |AN is an embedding; the same holds for q |BN .
• Definition of the normalization: Define n : XN → X by the rule

n[z] =

{
nA(z) if z ∈ AN

nB(z) if z ∈ BN (5)

Then n is well defined by diagram (3); besides it’s continuous and surjective.
We obtain a commutative diagram

X

XN AN tBNq

n
nAtnB

?

¾
´

´
´

´
´́+

where q and nAtnB are morphisms, then so is n. It’s easy to see that restricted
to the regular part n is a diffeomorfism, so we verify the other properties of
§ 2.2.
• Local triviality: For every point z ∈ XN its image x = n(z) lies in A or in B.
Suppose x ∈ A and let ϕ : U × c(L) → A a chart of x. We get a commutative
diagram

U × c(L)N ϕN

→ AN q→ XN

↓1×nL ↓nA n

U × c(L)
ϕ→ AN ↪→ X
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By restricting qϕN to the connected component of U × c(L)N which contains
(ϕN )−1(z) we get a chart of z.

From the above discussion it is straightforward that n is a proper map and
XN is a normal stratified pseudomanifold.

Remark 2.9. If we ask n to be smooth on each stratum and a diffeomor-
phism in the regular part; then Theorems 1 and 2 still hold in the C∞ category.

Example 2.10. Normalizing a tubular neighborhood: A tubular neigh-
borhood is a locally trivial fiber bundle ξ = (T, τ, S, c(L)) where
(1) T is a stratified pseudomanifold, S ⊂ T is the unique minimal stratum.
The fiber c(L) is the cone of a compact stratified pseudomanifold.
(2) τ : T → S is a morphism, the restriction τ |S is the identity of S.
(3) The structure group of the fiber bundle is G = Iso(L). In other words,
there is a trivializing atlas

U = {α : Uα × c(L) → τ−1(Uα)}α

such that, if Uα ∩ Uβ 6= ∅, then the change of charts satisfies

βα−1 : Uα ∩ Uβ × c(L) → Uα ∩ Uβ × c(L) (x, [p, r]) 7→ (x, [gαβ(x, p), r])

Notice that gαβ(x,−) is an isomorphism and the global extension of the radium

ρ : T → [0,∞) ρα(x, [p, r]) = r

is a stratified morphism which makes sense.
Fix two normalizations n : TN → T and nL : LN → L; take n0 : c(L)N →

c(L) as in § 2.2. We will show that there is a fiber bundle

ξN = (TN , τN , n−1(S), c(L)N )

where each object is induced by the process of normalization and the structure
group is G = Iso(LN ). But this in immediate since, by Theorem 2.6, there is
a unique lifting τN : TN → n−1(S) such that the following diagram commutes

T S

n−1(S)TN

τ

n

τN

n

-

?

-

?
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Each trivialization α in the atlas U lifts to a trivialization

αN : Uα × c(L)N → (τN )−1(n−1(U))

By the existence and uniqueness of liftings, the family of cocycles {gαβ} lifts
to a family {gN

αβ} satisfying gN
αβgN

βδ = gN
αδ for all α, β, δ; thus it is again a

family of cocycles. It is straightforward that the radium ρ lifts in a consistent
way to a radium ρN .

3. Intersection homology of the normalizer

Intersection homology was first introduced by Goresky and MacPherson
in the category of pl-stratified pseudomanifolds, and later extended for any
stratified pseudomanifold [2], [3]. In order to show that the normalization
preserves the intersection homology, we extend Borel’s procedure to the family
of perversities given in [7]; see also [4], [5], [9]. Those preversities are more
general than the usual ones.

Definition 3.1. Fix a stratified pseudomanifold X. A perversity in X is
a function p : S → Z from the family of strata S to the integers. A singular
simplex σ : ∆ → X is p-admissible if it satisfies the following properties:

(1) σ sends the interior of ∆ in X − Σ.

(2) σ−1(S) ⊂ (dim(∆)− codim(S) + p(S))-skeleton of ∆, for each singular
stratum S of X.

A singular chain ξ = Σm
j=1rjσj is p-admissible if every σj is p-admissible. We

will say that ξ is a p-chain if ξ and its boundary ∂ξ are both p-admissible. We
write SCp

∗ (X) for the complex of p-chains. The p-intersection homology of X
is the homology Hp

∗ (X) of the complex SCp
∗ (X).

Given a normalization n : XN → X, each perversity p in X induces
trivially a perversity in XN which we write again p by abuse of language.

Theorem 3.2. Hp
∗ (XN ) = Hp

∗ (X) for any perversity p in X.

Proof. We claim that the usual chain morphism n∗ : SCp
∗ (XN ) → SCp

∗ (X)
is an isomorphism. It suffice to show it in the p-simplexes.
• The arrow is well defined: We will proof that if σ is a simplex p-admissible
in XN then nσ is p-admissible in X. Condition (1) is trivial, so we verify (2):
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Fix a singular stratum S of X. Let S′ be a stratum contained in n−1(S). Then
σ−1(S′) ⊂ dim(∆)−codim(S′)+p(S′)-skeleton of ∆. Since dim(S) = dim(S′)
then we conclude that (nσ)−1(S) ⊂ (dim(∆) − codim(S) + p(S))-skeleton of
∆.
• The arrow is injective: Take two singular simplexes σ, σ′ : ∆ → XN and
suppose nσ = nσ′; then σ and σ′ coincide in the interior of ∆ which implies
that σ = σ′.
• The arrow is surjective: Recall that ∆ is a normal stratified pseudomanifold,
thus the identity 1∆ : ∆ → ∆ is a normalization. Take a p-admissible singular
simplex σ : ∆ → X. By §2.5; lifts to a unique singular simplex σN : ∆ → XN

satisfying nσN = σ. Conditions (1) and (2) of § 3.1 are easily verified for σN ;
so it is p-admissible.
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