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Abstract: In this paper, we introduce and study the essential pseudospectra of closed, densely
defined linear operators in the Banach space. We start by giving the definition and we inves-
tigate the characterization, the stability and some properties of this essential pseudospectra.
The obtained results are used to describe the essential pseudospectra of transport operators.
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1. INTRODUCTION

Let X and Y be two Banach spaces. We denote by £(X,Y) (resp. C(X,Y))
the set of all bounded (resp. closed, densely defined) linear operators from X
into Y and we denote by K(X,Y") the subspace of compact operators from X
intoY. If T € C(X,Y) then p(T") denotes the resolvent set of 7', a(T') the
dimension of the kernel N(7T') and 5(7T) the codimension of R(T") in Y. Let
o(T) (resp. p(T')) denote the spectrum (resp. the resolvent set) of T'. The set
of upper semi-Fredholm operators is defined by:

P (X):={T €C(X,Y) : oT) < oo and R(T) is closed in X},
the set of lower semi-Fredholm operators defined by:
P_(X):={T €C(X,Y) : B(T) < oo and R(T) is closed in X }.

The operators in 4 (X,Y) := & (X,Y)UP_(X,Y) are called semi-Fredholm
operators on X into Y while ®(X,Y) := &, (X,Y)NP_(X,Y) denotes the
set of Fredholm operators on X into Y. If X =Y, the sets £L(X,Y), C(X,Y),
(X,Y), 21 (X,Y)and @_(X,Y) are replaced, by L(X), C(X), ®(X), ¢4 (X)
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and ®_(X), respectively. A complex number A is in &7 if A — T is in &(X).
For T € ®(X), the number i(T) = o(T) — B(T) is called the index of T'. It is
clear that if T' € ®(X) then i(T) < co. If T' € &4 (X)\ ®(X) then i(T') = —o0
and if 7€ ®_(X) \ ®(X) then i(T) = +o0o. An operator F' € L(X,Y) is
called a Fredholm perturbation, if 7'+ F' € ®(X,Y) whenever T' € ®(X,Y).
We denote by F(X) the set of Fredholm perturbations. A Banach space X
is said to have the Dunford-Pettis property (for short property DP) if for
each Banach space Y every weakly compact operator T' : X — Y takes
weakly compact sets in X into norm compact sets of Y. For example it is well
known that any Li-space has the property DP and an operator S € £(X) is
called strictly singular if, for every infinite-dimensional subspace M of X, the
restriction of S to M is not a homeomorphism. The family of weakly compact
operators from X to X is denoted by W(X).

Let T be a closed linear operator on a Banach space X. For x € D(T') the
graph norm of x is defined by

2l = llzll + [ T] -

It follows from the closedness of T' that D(T") endowed with the norm || . |7 is a
Banach space. Let X7 denote (D(T), || .||7). In this new space the operator T’
satisfies ||T'z|| < ||z||7 and consequently T is a bounded operator from Xp into

A~

X. If T denotes the restriction of 7" to D(T'), we observe that a(T") = «(T)
and B(T) = B(T).

There are several and in general non-equivalent definitions of the essential
spectrum of a bounded linear operator on a Banach space. For a self-adjoint
operator in a Hilbert space, there seems to be only one reasonable way to
define the essential spectrum: The set of all points of the spectrum that are
not isolated eigenvalues of finite algebraic multiplicity. In this paper, we are
interested by the following essential spectra:

0e(T) = C\ pe(T),

op(T) :=0(T)\ 0q(T),
where po(T') := {\ € &7 : i(A —T) = 0} and o4(7T) is the set of isolated points
A of the spectrum such that the corresponding Riesz projectors Pj is finite rank
operator with kernel denote by Ky; o.(.) is the Schechter essential spectrum
(see for example [14, 20, 21]) and o(.) is the Browder spectrum [17]. In
the 2000s, A. Jeribi and their collaborators have continued the research on

the essential spectra and have applied the results to transport operators (see
6,7, 8,9, 10, 11, 12]).
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It is well established that the spectrum of a self-adjoint operator is of cru-
cial importance in understanding its action in various applied contexts. For
highly non-self-adjoint operators, on the other hand, there is increasing evi-
dence that the spectrum is often not very helpful, and that the pseudospectra
are of more importance. The definition of pseudospectra of closed densely
linear operator 1" for every € > 0 is given by:

oe(T) :=0o(T) U {)\ eC: |G- > i}

By convention we write ||(A —T)7!|| = oo if (A—T)~! is unbounded or nonex-
istent, i.e., if A is in the spectrum o(7"). This means that the pseudospectra
can be introduced as a zone of spectral instability. The concept of the pseu-
dospectra was introduced perhaps first time by J.M. Varah [24] and has been
subsequently employed by others authors for example, H. Landau [15], L.N.
Trefethen [22], D. Hinrichsen et al [5] and E.B. Davies [2]. Especially due to
L.N. Trefethen, who developed this idea for matrices and operators, he used
this concept to the study of interesting problems in mathematical physics.

In [1], F. Abdmouleh, A. Ammar and A. Jeribi defined the notion of
pseudo-Browder essential spectra of densely closed, linear operators in the
Banach space by:

o3 (T) = o3(T) U {)\ €C: |Ry(NT)| > i}

where Ry(\,T) = ((A — T)]KA)f1 (I — P\) + Py and by convention we write
|Ry(A\, T)|| = oo if Rp(A,T) is unbounded or nonexistent, i.e., if A is in the
spectrum oy, (7).

The notion of essential pseudospectra can be extended by devoting our
studies on the essential spectrum and we have by

gec(A)= (] o(A+K).
KeK(X)

In the following we characterize the essential pseudospectra by: A & o -(A)
if and only if, for all D € £(X) such that | D|| < ¢ we have

AeEDyyp and i(A+D—-)X)=0.
This is equivalent to say that
gee(A)= | oA+ D).

1 Dll<e
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When dealing with essential pseudospectra of closed, densely defined linear
operators on Banach spaces, one of the main problems consists of studying
the invariance of the essential pseudospectra of these operators subjected to
various kinds of perturbation. Let ¢ > 0 and linear operator A on a Banach
space X, the question is what are the conditions that we must impose on
the operator K € C(X) such that 0.(A + K) = 0-.(A4). If K is a compact
operator on the Banach space X, then the result follows from the definitions
of 0.(.) and if K is Fredholm perturbation that o.(A + K) = 0.(A). In fact,
if for all D € L£(X) such that |D| < ¢ we have A(B+ D) € F(X) and
(B+ D)A € F(X) then

Oee(A+ B)\{0} = [0c(A) Uoe(B)]\{0}.

Finally, we will apply the results described above to investigate the essential
pseudospectra of the following integro-differential operator:

1
Au(a,€) = ~€55 o)+ [ K(a. &0, a¢
= Tyt + Ko, (1.1)

with general boundary conditions where T denotes the streaming operator
and K stands for the collision one (the integral part of Ag), = € [—a,aq],
a > 0 and £ € [—1,1]. This operator describes the transport of particles
(neutrons, photons, molecules of gas, etc). in a plane parallel domain with a
width of 2a mean free paths. The function v (z, ) represents the number (or
probability) density of gas particles having the position x and the direction
cosine of propagation £. (The variable £ may be thought of as the cosine of
the angle between the velocity of particles and the x direction.) The functions
o(.) and k(., .) are called, respectively, the collision frequency and scattering
kernel. The boundary conditions are modeled by ¢;r_ = Hr,, where I'_
(resp. I'y) is the incoming (resp. outgoing) part of the phase space boundary,
Yir_ (resp. ¥r, ) is the restriction of i) to I'_ (resp. I'y) and H is a linear
bounded operator from a suitable function space on I'y to a similar one on
I'_. There is a wealth of literature treating the transport equation in slab
geometry with different boundary conditions (see [7, 8, 9]).

We organize our paper in the following way: In Section 2 we present the
notion of the essential pseudospectra. The main results of this section are
Theorem 2.1 and Theorem 2.2. Finally, in Section 3 we apply the results
obtained in the last section to investigate the essential pseudospectra of one-
dimensional transport operator.
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2. MAIN RESULTS

DEFINITION 2.1. Let X be a Banach space, ¢ > 0 and A € C(X). We
define the essential pseudospectra of the operator A by

oee(A)= () o(A+K).

Kek(X)

Remark 2.1. Tt follows from Definition 2.1 and the properties of pseu-
dospectra (see, for example [3, 23]) that

(1) 0ee(A) Co:(A);

(ii) ﬂs>0 Oee (A) = 0c(A);
(iii) if 1 < e2 then 0c(A) C 0ee, (A) C Oeey(A);
(iv) 0ee(A+ K) =0c.(A) for all K € K(X).

The following theorem gives a characterization of the essential pseudospec-
tra by means of Fredholm operator.

THEOREM 2.1. Let X be a Banach space, ¢ > 0 and A € C(X). Then,
A & 0¢-(A) if and only if, for all D € L£(X) such that |D|| < ¢ we have

A€ Daip and i(A+D—-)\)=0.

Proof. Let A € o.-(A). Using [3, Theorem 9.2.13 (ii), p. 259] we infer that
there exists a compact operator K on X such that

A | o(A+K+D).
ID]|<e

So, for all D € L£(X) such that ||D|| < ¢ we have A € p(A+ D+ K). Therefore,
A+D+K-Ae®(X) and (A+D+K X =0,

for all D € £(X) such that ||D| < e. It comes from [21, Theorem 7.26, p. 172]
that for all D € £(X) such that |D|| < e we have

A+D-Xe®(X) and  i(A+D—\) =0.

Conversely, we suppose for all D € £(X) such that |D|| < & we have (A +
D —)) € &(X) and i(A+ D — X) = 0. Without loss of generality, we may
assume A = 0.
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Let n = a(A+D—-\) = B(A+D—-N), (x1,...,zy) be basis for N(A+D—\)
and (y,...,y,) be bases for the R(A+ D — \)° (where y € R(A+ D — \)°
if y;(y) =0 for all 1 < j <n). Then, by [21, Lemma 4.14, p.92] there exist
xy,...,x, € X* (the adjoint space of X) and y1,...,y, € Y such that

ol (zr) = Oji Yi(Yx) = Ojk » 1<j, k<n. (2.1)

Let .
Kz = Za:;(a:)yk , reX; (2.2)

k=1

K is an operator of finite rank on X. First we will proved for all D € £(X)
such that || D|| < e that

N(A+D)NN(F) = {0}, R(A+ D)NR(F) = {0}. (2.3)
Let z € N(A+ D), then

n
T = E AETE ,
k=1

therefore z;(x) = aj, 1 < j < n. On the other hand, if N(F) then z(z) =0,
1 < j < n. This proves the first relation in equation (2.3).
The second inclusion is similar. In fact, if y € R(F'), then

n
y=>_ k.
k=1

and hence
yi(y) = aj, 1<j<n.
But, if y € R(A+ D), then

yi(y) =0, 1<j<n.

This gives the second relation in equation (2.3). On the other hand K is
compact operator. We deduce from [21, Theorem 7.26, p.172] that 0 €
Qpyypypand i(A+ D+ F) =0. If e € N(A+ D+ F) then (A+ D)z is in
R(A+ D) N R(F) this implies that x € N(A+ D) N N(F) hence x = 0. Thus
a(A+ D+ F) = 0. In the same way, we will prove that R(A+ D + F) = X.
Hence, 0 € p(A + D + F). This implies that for all D € £(X) such that
D] < e we have 0 & 0(A+ D + K). Also, 0 € (xex(x) (A + K). So,
0¢ Ue,s(A)' i
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Remark 2.2. 1t follows, immediately, from Theorem 2.1 and [21, Theorem
7.27, p. 172] that

ec(A) = |J oc(A+ D).
IDl|<e

THEOREM 2.2. Let X be a Banach space, € > 0 and A € C(X). Then

Oec(A)i= (] 0:(A+F).
FeF(X)

Proof. Let O := (perx)0e(A + F). Since, K(X) C F(X) we infer
that O C o..(A). Conversely, let A & O then there exist F' € F(X) such
that A € 0.(A + F). Thus, by [3, Theorem 9.2.13 (ii), p.259] we see that
ANEp(A+ D+ F) for all D € £(X) such that ||D|| < e. So,

A+D+F-Xed(X) and i(A+D+F—-)\)=0.

The use of [13, Lemma 2.1 (i)] makes us conclude that for all D € £(X) such
that ||D|| < ¢,

A+D—-Xe ®(X) and i(A+D—-)X)=0.
Finally, Theorem 2.1 shows that A & oc.(A). I

Remark 2.3. (i) It follows, from Theorem 2.2 that 0. (A+ F) = 0¢-(A)
for all F' € F(X).

(ii) It is proved in [16, Section 3] that if X is a Banach space with the prop-
erty DP, then W(X) C F(X). Thus the essential pseudospectra is invariant
under weakly compact perturbations on this class of Banach spaces.

COROLLARY 2.1. Let X be a Banach space and J(X) be any subset of
L(X). If K(X)CI(X)CF(X), then

oee(A)= () o=(A+).
JEI(X)

Remark 2.4. Tt comes from Corollary 2.1 that oc (A + J) = 0. (A) for
all J € 3(X) such that K(X) C 3(X) C F(X).
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THEOREM 2.3. Let € > 0, A and B be two elements of C(X) such that
0 & 0c(A) Uoe(B). Assume that there exist Ay and By be two bounded
operators in the Banach space X such that

AAg=1-Fy, (2.4)
BBy=1-F, (2.5)

with F; € F(X), i = 1,2. If the difference Ay — By € F(X) then
Oec(A) = 0e:(B).
Proof. Using equations (2.4) and (2.5) we infer that for any scalar A
(A+D—-MNAy— (B+D—-\NBy=F,—Fi+(D—X)(A4y— By). (2.6)

Let A & 0c-(A) then A+ D — X is Fredholm operator and i(A+D — ) = 0 for
all D € L£(X) such that | D|| < e. Since A+ D is closed and D(A+ D) = D(A)
endowed with the graph norm is a Banach space denoted by X 44 p and using
[20, Corollary 7.6, p.160] we obtain

A+D-Xed(Xaip, X).

Moreover, F; € F(X). Using equation (2.4) and [11, Theorem 2.1] find that
Ag € ®(X, X4, p). Thus

(A+ D —\)4g € D(X). (2.7)
Next, if the difference Ag — By € F(X), applying equation (2.6) we get
(A+D—-MNAy— (B+D—-)\)DBye F(X).
Also, it follows from equation (2.7) that (B/—f—\D — \)By € ®*(X) and
i[(B+D—\By| =i[(A+D—\)4| =0. (2.8)

Since B € C(X), using equation (2.5) and arguing as in the last part we
conclude that

By € (X, Xpyp)-
Thus, since (B + D — \) By is Fredholm operator the use of [20, Theorem 7.12,
p. 162] shows that B+ D — X\ € ®*(Xp,p, X). This implies that B + D — A
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is Fredholm operator. On the other hand, 0 & o.(A) U 0.(B) then i(4) =
i(B) = 0. Therefore, using equations (2.4) —(2.5) and [11, Theorem 2.1] we
have that i(Ag) = i(Bo) = 0. This together with equation (2.6) shows that

(A+D -\ =i(B+D—-)\)=0.

Thus, A &€ o (B). This proves that 0. .(B) C 0¢-(A). The opposite inclusion
follows by symmetry. |

LEMMA 2.1. Let X be a Banach space, ¢ > 0, A and B two elements
of C(X). Assume that for all bounded operator D such that ||D| < & the
operator B is (A + D)-compact, then

Oec(A) =0c(A+ B).

Proof. Let X & 0c-(A) then for all D € L(X) such that ||D] < ¢ we
have A + D — X is a Fredholm operator and i(A + D — A\) = 0. Since, B is
(A+D)-compact, applying [21, Theorem 3.3, p. 12], we get

A€ Paipyp and i(A+B+D—-\)=0.
Therefore A € o..(A + B). We conclude that
Oec(A+ B) Coee(A).

Conversely, let A € 0. .(A + B) then for all D € £(X) such that ||D|| < ¢ we
have A+ B + D — X is a Fredholm operator and i(4A+ B+ D — ) = 0. On
the other hand, B is (A + D)-compact, using [21, Theorem 2.12, p. 9] we infer
that B is (A+ B + D)-compact, then

A€ Puip and i(A+D—)\)=0.
So, A € 0 -(A). This proves that

Oec(A) Coec(A+ B).
|

The following theorem gives a relation between the essential pseudospectra
of the sum of the two bounded linear operators and essential pseudospectra
of each of these operators.
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THEOREM 2.4. Let X be a Banach space, € > 0, A and B be two elements
of L(X). If for all bounded operator D such |D|| < € we have A(B+ D) €
F(X), then

Oec(A+ B)\{0} C [0c(A) Uoco(B)]\{0}.
If, further (B + D)A € F(X), then

Tec(A+ B)\{0} = [0(A) Uoe(B)]\{0}.
Proof. For A € C, we can write
(A\—A)A—B—-D)=A(B+D)+A\—A—B—-D) (2.9)
and
A=B—D)A—A) = (B+D)A+\A—A—B-D). (2.10)

Let A & [0c(A) Uoco(B)]\{0}. Then, (A — A) € ®(X) and for all | D] < ¢,
(A= B —D) € ®(X). It follows from [20, Theorem 5.7, p. 106] that

(A—A)(A\— B - D) € (X).

Since A(B + D) € F(X), applying equation (2.9), we have (A—A— B — D) €
®(X) then A & 0 .(A+ B). Therefore

Oee(A+ B)\{0} C [0c(A) Uo.(B)]\{0}. (2.11)

Now, we prove the inverse inclusion of equation (2.11).

Suppose A & o.-(A + B)\{0}, then for all D € £(X) such that |[D| < e
we have (A—A—B—D) € ®(X). Since A(B+D) € F(X), (B+D)A € F(X)
then by equations (2.9) and (2.10), we have

A—A)(A-—B-D)e®(X) and (A—B-D)A—A)e€dX).

Applying [19, Theorem 6 (iii), p. 151], it is clear that (A — A) € ®(X) and for
all | D|| < ¢ we have (A — B — D) € ®(X). Therefore A & o, 5(A) U o, s(B).
This proves

Oec(A+ B)\{0} = [0c(A) Uoe(B)]\{0}.
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3. APPLICATION TO TRANSPORT EQUATION

In this section, we will apply the results of Section 2 to study the essential
pseudospectra of the transport operator equation (1.1). Let

X, = Lp<[—a,a] x [-1,1], da:d§> ., a>0 and pefl,o00).
We consider the boundary spaces:
Xg 1= Ly({=a} x [1,0], |§|d€) x Ly ({a} x [0,1], |¢] d)
= X7, x X3,
and
Xi = Lp({—a} % [0,1], [¢] df) x L, ({a} x [~1,0], |¢] dg)
= X], x X5,

respectively equipped with the norms

o _ ol|pP o||P P
leelixg = (11, + 1S5,

1
P

_ [/_01 \¢(a,§)|p|§|d§+/01 w(a,§)|p|§|d§}

and

191, = (Wt + ol )’
1 0 :
- [ waorieac+ [ waoriea)”
0 —1
Let W, the space defined by:

0
Wp:{weszfaﬁeXp}.

It is well-known that any function 1 in W, possesses traces on the spatial
boundary {—a} x (—1,0) and {a} x (0,1) which respectively belong to the
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spaces X and X; (see [4]). They are denoted, respectively, by ¥° and .
Let H be the boundary operator

H:XS— X0,

()~ £2)(2)
Us His Hao ug )’
where for all Hy; € E(Xf’p,X{',p), His € E(Xé”p,X{’p), Hy € L(X

and Hy € L(XS,, X3 ).
We define the streaming operator Ty by

1p7X2p)

Ty - D(TH) - Xp — Xp
Vo T, €) = €90 (2,6) — o(E)(n, )
Ty)={YeW, : ¥°=Hy'},

where o(.) € L™(=1,1), ¢° = (¢f,¢3)" and ¢ = (f,95)* with 47, ¢§, ¢
and v} given by

Ui €€ (0,1) — P(—a,§),
Wb €€ (=1,0) — ¥(a,é),
W€ (-1,0) — ¥(-a,),
¥5 €€ (0,1) — ¥(a,8).

Finally, we denote by K the following partially integral operator on X,
K:X, — X,
1
v [ see ),

~1

where the scattering kernel k(. ,.,.) is a measurable function from [—a,a] x

[—1,1] x[—1,1] to R. Observe that the operator K acts only on the variable &,

so & may be viewed merely as a parameter in [—a, a]. Hence we may consider

K as afunction K : z € [—a,a] — K(z) € Z where Z := L(Ly([-1,1],df)).
Let us now consider the resolvent equation for T

A=Tu)p =,
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where ¢ is a given element of X, and the unknown 1 must be sought in D(Tx).
Let A* be the real defined by

A :=1lim inf o(&).

§]—0

For Re A + A* > 0, the solution formally given by:

(U(,€) = p(ae
1 [ ZO+o@)lz-7| , ,
+m_e lél w(xaé)dl‘a 0<§<17
(a.6) = bab)e -
T e
SESHTE ,
\ |€|/ P(x', &) da’, —-1<£¢<0.
Accordingly, ¢ (a,§) and ¥(—a, ) are given by
Wa.8) = v(-a, e T
L [* 2a=Oce@lers) ,
+m 1€l ¢($a§)d$7 0<§<17
- (3.2)
Y- = Y@ e E
1 a  —(At+o(8)|a—z]
\ +m e Ty g)dr,  —1<£<0.

In the sequel we shall need the operators

My : X, — X7, Myu = (M;u, M u) with
2 (Ao
(Mjfu)(~a,€) = u(—a,€)eTd 7 1 <ce <o,

(M;mm@wzum@niﬁ““w, 0<&<1;

By: X\ — X, By = X(—1,0)(§)BYu+ x(0,1)(§)Byu  with

(>\+0(§)) la— xl

(Byu)(z,€) = u(—a,§)e T
(B u)(x,€) = u(—a,€) e

0<é<l,

(/\+<7(E))|a z| 1< 5 <0-
)
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Gyr: X, — X)), Giu:= (G{p,Gy¢) with

1 a  —(M+o(®),
Glpi=ig| e % o) de,  0<e<t,
—a
1 a  —(A\to(8)
Gry = al.e o) de, 1<e<0;
—a

and

Cr: Xp — Xp, Cre = X(-1,00(§)CY ¢ + x(0,1)(£)CY with
_ 1 x —(>\+G(§))|x/7x| , ,
C’)\gpzzm_e I€] e’ &) da" 0<é<l,
1 [T —Oto@)
war—m/ em K "o 6 de!, ~1<E<0;

where x(_1,0y(.) and X(0,1)(.) denote, respectively the characteristic functions
of the intervals (—1,0) and (0,1). The operators My, By, G, and C) are
bounded on their respective spaces. In fact, their norms are bounded above,

respectively, by e~2¢(ReA+A") 15 Re )\—i—/\*)]%, [p(Re )\—i—/\*)]%l and [p(Re A+
A*)]~! where ¢ denotes the conjugate of p.
Now, we may write equation (3.2) abstractly in the space Xp in the
operator form
Y = MyHY® + Ghop.

Let Ag be the real defined by
=N+ g log(lH), i |H| > 1.

It follows from estimate of M) that, for Re A > Ao, || M)\H]| < 1 and conse-
quently

Y0 = (MyH)"Gyp. (3.3)

n>0

On the other hand, equation (3.1) can be rewritten in the form

¥ = B\HY® + Cyp.
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Substituting equation (3.3) into the above equation we get
Y=Y BAH(MyH)"Grp + Crp.
n>0

Finally, the resolvent set of the operator Ty contains {\ € C : ReX > Ao}
and for Re A > A\g we have

(A=Ty)"' = BAH(M\H)"G, + C\. (3.4)
n>0

THEOREM 3.1. Let € > 0 and H be a bounded arbitrary boundary oper-
ator. Then there exists C > 0 such that

Gee(TH) C {)\ €C:Rel< A"+ 5(1 n C|yH||(p)‘%) }

Proof. For Re A > Ao, the operator (A — Ty)~! exists and is given by
equation (3.4). So

A=Ty) ' =B\H(I — M\H) 'Gy + C,.
Moreover, we have
IO = Tw) "M < AIBAHNT = MyH)THIGAl + (ICAl-

But the operator (I — MyH)™! is uniformly bounded on the half plane {)\ €
C : ReX > XAo}. Therefore for ReA > )¢ there exists C' > 0 such that
I(1 = MyH) | < C.

Furthermore we have

;1
(1+clH|p) )
Re A+ \*

Let A € 0. .(A), it follows from Remark 2.1 (i) that 1 < |[(A —Ty)~!|. Using

equation (3.5) we infer that Re A < —\* 4 ¢ (1 + C||H||(p) p). 1

A = Tw) 7 <

(3.5)

Remark 3.1. If H is strictly singular, then we have
{)\ eC:ReX< —)\*} Coee(TH) .
COROLLARY 3.1. Let € > 0. Then we have

{)\E(C : Re/\g—)\*} C 0ee(To) C {)\E(C : Red < —/\*—i—s}.
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In the following we will make the assumption:

K is a measurable, i.e.,

{z € [-a,a] : K(x) € O} is measurable if O C Z is open,
there exists a compact subset T'C Z : K(z) € T a.e.

and finally K(z) € K(Lp([-1,1], d§)) ae.

(H) :

where K(Lp([—1,1], d€)) denotes the set of all compact operators on
LP([_171]7 dé)

DEFINITION 3.1. A collision operator K is said to be regular if it satisfies
the assumption (H).

PROPOSITION 3.1. ([18, Lemma 2.1]) If the collision operator K is regu-
lar, then, for all A € C such that Re\ > —\*, the operator (A — Ty) 'K is
compact on X, (1 < p < oco0) and weakly compact on X;.

THEOREM 3.2. Let € > 0, we assume the operator K is regular on X,,. If
|K|| < A*, then we have

0675(141_{1) = 0675(T}}1) .

Proof. Let A the leading eigenvalue of Ay. In [25], the strip —A\* < A <
—\* 4 || K| contains at most isolated points of o(Ag). Now using that

U(TH) :O'C(TH) = {)\ eC: Rex< —)\*},

if | K| < A*, then 0 € p(Ty) N p(An). Since, \* > | K| we have, | T K| <

”/{i”, hence HTI?KH < 1. Therefore, we have

Ayt =Ty + > [(Tw) " K]" T

n>1

Let, ==3" [(TH)’lK]nTﬁl, then, o (A') = 0c(T;' + E). Using the
assumption (#) we infer that = is compact on X, (1 < p < 0o) and weakly
compact on Xj. So, it follows from Remark 2.3 (i), we deduce that

0675(/1;{1) = oeys(T}}l) .
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COROLLARY 3.2. Assume that the hypotheses of Theorem 3.2 are satis-
fied. Then, there exists & > 0 such that

1
oec(A7Y) C {)\ eC: Rex SE'—)\*}.

THEOREM 3.3. Assume that the hypotheses of Theorem 3.2 are satisfied.
Then, there exists €1 > 0 such that

Ue,e<AH) C {/\ ecC:Red<g —)\*}.

Proof. Let A & 0c.(An). Using Theorem 2.1, we find that there exists
D € £(X) such that | D] < e and X € 0(Ag + D). We can write

A=Ay —D)=-AN'—Ag '+ X'DAy Ay
Since, Ap is one to one and onto, then
aA—Ag —D)=a(\ - Azt - D)

and
RAN—Ag —D)=R\'— Ayt - D),

where D' = —A\"'DAg~'. This shows that there exists £g > 0 such that
AMleoes, (AI_{l). Finally, the use of Corollary 3.2 completes the proof. 1
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