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Abstract: Let B"™ be the unit ball in the n-dimensional complex space and let A be the
Bergman Laplacian on it. For A € C such that [R(i)\)| < n we give explicitly the transfer
operator from the space of holomorphic functions B" onto an eigenspace E;r (B™) of A. This
answers a question raised by Eymard in [2]. As application, for A = —in with 0 < 1 < n,
we get that the classical Hardy space H*(B") is isometrically isomorphic to the space

1
H2(B") = {F €EfBY): sup (1-r%)"7 U |F(r0)|2d0} " < oo}.
o<r<1 OB™

Consequently H3(B™) is a Banach space.
Key words: Transfer operator, Hardy spaces.
AMS Subject Class. (2010): 42B05, 42B35.

1. INTRODUCTION

Let D = {z € C: |z| < 1} be the unit disk of the complex plane C and
let A = 4(1— \z\Q)za‘z; be the hyperbolic laplacian on D. For A € C and
f € A/(0D) the space of hyperfunctions on the circle 90D = {z € C : |z| = 1},

we define the Poisson transform by

A1

Pof(2) = - /0 " (1‘"2> Cf(e)do. (L1)

T om |1 — ze—%0)2

Then it is well known that if A satisfies Z”\TH ¢ 7, then Py is an isomorphism
from A’(0D) onto the eigenspace Ey(D) of A associated to the eigenvenvalue
—(A\2 +1). In particular, for A\ = —i, the space E_;(D) consists of harmonic
functions on D.

Therefore one can define formally an operator 7, such that the following
diagram
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A'(6D)

P_; &

E_Z(D) E)\(D)

X

is commutative.
In [2] P. Eymard gave the operator 7, explicitly. More precisely we have

THEOREM 1.1. ([2]) Let A € C such that |®(i\)| < 1. For F € E_;(D),
set

iA+1

_ 1 ! t(1—|z?) 2 dt
™F(z) = F(MTJA)F(%) /0 F(tz) [(1—t)(1—t|z|2) e (1.2)

Then the operator Ty is an isomorphism from E_;(D) onto Ex(D).

As it is known the Poincaré disk D is a one dimensional (the unique)
Riemannian symetric space of the noncompact type and the above Poisson
transform (1.1) can be defined for general Riemannian symmetric space X.

For f in A’(B) the space of all hyperfunctions on the Furstenberg boundary
B define the Poisson transform Py by

Puf(z) = /B Py(2,b) f (b)db, (1.3)

where Py(z,b) = e P)A@b) is the Poisson kernel of X, cf [3] for more details.

In the case of a Riemannian symmetric space of rank one, Helgason [3]
showed that P\ is an isomorphism from A’(B) onto an eigenspace F)(X)
of the Laplace-Beltrami operator A for A running some subset A of C. In
particular for A = —ip, the eigenspace E,(X) consists of harmonic functions
with respect to A.

Henceforth, it is natural to look as in the case of the unit disk D for an
explicit expression of the operator 7, from the space of harmonic functions
E_;p(X) onto the eigenspace Ey(X), when X € A.

The operator 7 -called the transfer operator by Eymard- has been given
explicitly in the case of n-dimensional real hyperbolic space by Sami [6].

One of the difficulties we run into when trying to extend Eymard [2] and
Sami [6] results to the case of the complex hyperbolic space is, in our point of
view, the relative complexity of the harmonic functions in the complex case
rather than in the real one.
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A natural question raised by Eymard [2] is, by which class of functions
might be the harmonic functions replaced. In this paper, we propose the class
of holomorphic functions as substitute.

The organization of this paper is as follows. In Section 2 we recall some re-
sults on the Poisson transform on the complex hyperbolic space. In Section 3
we state and prove the main result of our paper. In Section 4 some applica-
tions of our result is given. In particular we show that the operator 7, is a
topological isomorphism from the classical Hilbert space H? square integrable
holomorphic functions on the complex unit ball onto a class of eigenfunctions
of A.

2. THE POISSON TRANSFORM

Let B = {z € C™ : |z| < 1} be the bounded realization of the n-
dimensional complex hyperbolic space and let OB" = {w € C" : |w| = 1} be
the unit sphere of the n-dimensional complex space C™ with the normalized
measure do on it. The Laplace-Beltrami operator of the complex hyperbolic
space B" is given by

A= Z (6ij — ziz_j)%a
1,j=1
where §;; denotes the Kronecker symbol. For X a complex number, let E(B")
be the space of all eigenfunctions of A in B" with eigenvalue —(\ + n)2.
Let A’(OB™) be the space of all hyperfunctions on dB™. Then the Poisson
transform is the map

Py : A (OB") — E,\(B"),
defined by

A+n

Pro= [ (1‘"2) C f@do(w),

11— z@|?

where 2w = U 2;0;.

THEOREM 2.1. ([3]) Let A € C such that *™ ¢ Z~. Then P, is an
isomorphism from A’'(0B™) onto E(B").

Now, let H(p, q) denote the space of restrictions to 9B"™ of harmonic poly-
nomials hpg(z,%Z) which are homogeneous of degree p in z and degree ¢ in Z.
Then we have L2(S) = @p4>0H (p,q). We denote by W, (1 <37 <dpq)
an orthonormal basis of H(p,q). Note that H(p,0) consists of holomorphic
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polynomials. To each f € A'(OB™) we associate its expansion into spherical
e 1
harmonics hpq
+oo d(p,q)

f= Z Z apq,jhv pq?

p,q>0 j=1

with
+oo d(p,9)

Z Z |apg j 7T < oo,

p,q=0 j=1
for every r € [0, 1].
Below, we recall a result on the action of the Poisson transform on H(p, q)
which will be useful in the sequel.

PrOPOSITION 2.1. ([3]) Let A € C and let f in H(p,q). Then we have

Pof(2) = dapa(l2])f <||> |

where ¢ 5, 4(|2|) is the generalized spherical function associated to the complex
hyperbolic space B" given by:
IAtn A tn
5 ), iAtn
(7)p+q

Papallz]) =

IA+n iIA+n
2F1<

R +q,p+q+n;\2\2>-

In above (a)y = a(a+ 1)---(a + k — 1) is the Pochammer symbol and
9F1(a, b, c; z) is the classical Gauss hypergeometric function, see [4].

3. THE TRANSFER FORMULA

In this section we state and prove the main result of this paper. For this,
let A’ (9B") denote the subspace of A'(9B") consisting of all hyperfunctions

f such that
+00 d(p,0)

f Z Z aPJ p(]

p=0 j=1
For f in A’ (9B"), we define the Cauchy integral of f by

C(z) = /8 (1= 28) " o).
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Let O(B™) be the space of all holomorphic functions on the unit ball B".

Then it is well known that the Cauchy transform C is an isomorphism from
A’ (9B") onto O(B™).
Next, let EY (B") = P)\(A/_i_(ﬁlBS”)). From Proposition 2.1, we get

COROLLARY 3.1. Let A € C and let F' be a C-valued function on B"™.Then
we have F € E;\r (B™) if and only if there exists a sequence of complex numbers
ap; such that

+o0 d(p,0

=D Z apidrp0(|2])hg(2), (3.1)

p=0 j=1
in C*(B").
From now on we will denote the function ¢y , 0 by @» p-
Now, we can state the main result of this paper. By I'(-) we denote the

usual Euler Gamma function.

THEOREM 3.1. Let A be a complex number such that |R(i\)| < n Then,
the operator T given by

() SO ¢ 1 N R Y
A = ey, PO ] 000

is an isomorphism from O(B") onto the eigenspace E) (B"). Moreover the
following diagram

e W\

EY (B")

is commutative.

Proof. Let F be a holomorphic function on B"™. Then

+o0 d(p,0)

Z Z ap;T h

p=0 j=1
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in C>°([0,1[x8B"). Moreover F = Cf where f € A’ (B") is given by

+oo0 d(p,0)

f= ZZ% p0°

p=0 j=1

Now we have

[T/\F](T‘e) - F(z)\+n ? n—i\ z)\ / Z Z apj PO t?"

p20 =1 . (3.2)
- 177 L dt
[(14)(1—%)} ="

Since for each fixed § € OB" and r € [0, 1], the series > o (tr)? fp,0(f) con-
verges uniformly in ¢t € [0, 1] we can reverse the order of sum and integration
in (3.2) to get

T'(n) d(p,0)
M F)(ro) T2 (2 )pz>:0 ; it (3.3)

LU t(1—17?) 2 Ly dt
G [(1—t><1—tr2>] =0

Next, since |R(iA)| < n, we can use the following integral representation
of the hypergeometric function (see [4])

¢ 1
F(a,b,c;x) = F(a)?((c)—a)/o s = 5)7 (1 — sa) 7Pt (3.4)
to see that
I(n) PR B s N R L
r(“gfl)r(flgﬂ)/o (ir) {(1 —1)(1 —tr2)} (=1 = Pxp(r);

from which we obtain

d(p,0)

[TAF](r6) qu/\p Z ap, il pO

and since this later sum is none other than P)f, the result follows. This
finishes the proof of Theorem 3.1. 1
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4. APPLICATION

In this section we use the explicit expression of the transfer operator 7 to
derive some growth condition on the class of eigenfunctions in Ej (B™). For
this, let us fix some notations. As usual LP(0B") is the space of measurable
complex function f on JB™ such that

o= ([ 110pie) <

For a C-valued function F on B and 0 < r < 1, we let F;. denote the function
defined on OB™ by F,.(0) = F(rf). Finally, we denote by Ky(t,r) (r = |z]),
the kernel of the operator 7 given by:

idt+n

B I'(n) t(1—r?) ’
K)\(t,?”) - F(M#)F(R_TM) |:(1 — t)(l - tT2)1|

(1=t !
—

We first establish a Lemma which will be needed in the sequel.

LEMMA 4.1. Let A € C such that 0 < R(i\) < n. Then we have

T'(R(iA)) T (n)T (=20
i) P52 T (252) [P ()

sup <(1 —r?)"

o<r<1

Proof. We have

! , _ I'(n) _ 2y
Jo Rttt = ey

1 n+R(EN) n+R(EN) n—REN)
/ PR T T (1 - e e
0

By using the formula (3.1) we get

1 B (n+§f§(1)\))r(n ER(z/\)) )
Jo et = iy

2
P <n + ?(M)} n+ ?;?(z)\) . r2> '

n+R(iN)

Next, use the following identity on hypergeometric functions

F(a,b,c;z) = (1 — ) PF(c—a,¢— b,c;z),
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to rewrite the above equality as

) F(n+§R(i)\))F(n §)‘E(l/\)) n—R(iX)
Kyt r)ldt = —— 2T (1 —y?)
/ T ()

2 F<n—WM)n—WMxmﬁ>

2 ’ 2
We have

F<n_?uxn—?uxmﬁ>SF(”—?“X”_?Mme,

by R(iA\) < n. Next since R(iA) > 0 we can use the following well known
identity (for ®(c —a —b) > 0)

I'(e)l'(c—a—10)

I'(c—a)l'(c—b)’

F(a,b,c;1) =

to obtain
. : n=R(iA)
nR(N) F(%‘(%/\))F(@)F( 2+%(‘)A)’
P(52)r (252 [P (=)

/1 |K\(t,r)|dt < (1 —1?)
0

and the lemma follows. |

PROPOSITION 4.1. Let p €]1,+0o0[, A a complex number such that 0 <
R(i\) < n and let F' be a holomorphic function on B". Then we have:

(@) < (12 DR
(/BIEB"‘ )\F( 0)| d (9)> S (1 ) ‘F(n-gz)\)r( 21)\)‘F(n+§}3(1)\))” T‘”p7

for every r € [0, 1].

Proof. Let F be a holomorphic function on B™ and let ¢ € L4(9B"), with

¢T3 =1 We have:
/BW U K(t,r)F (tre)dt}() ()‘

By using the Fubini Theorem we get

/{mn T)\F(TH)WCZO,(G)‘ _

/01 [ /3]B" F(tre)ﬁb(e)da(m] Ky (t,r)dt|,

/615;71 TAF(T@)MdU(G)‘ _
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We have

/ F(trew(e)de' < 1Fulloll 6l
OB™

where for s € [0,1], [Fally = (fypn |F(58)[Pdc(8))7
Thus

L 1
[ re05 @i @) < ([ 1kl ol

Since for F' a holomorphic function on B”, the function s — || Fs||, is increasing
in s € [0,1] we obtain

1
/ aF(remw)da(e)\ <ol El [ e
OB™ 0

Taking the supremum over all ¢ € LI(0B") with||¢||, < 1, we get

o 1
/ aF(rew(e)da(e)‘ <15l [ 1)
OB™ 0

Next, use the estimate in Lemma 4.1 to get the right hand side estimate in
Proposition 4.1 and the proof is finished. [

Let p be a real number with p > 1 and let
H'(B") = {F ¢ OB"): |Fll, = sw |[F], < oo},
0<r<1

be the classical Hardy space on the unit complex ball of C". Then using
the above proposition we get the following characterization of eigenfunctions
U e E;\“(IB%”) which are transform by 7, of functions on the Hardy space
HP(B™). More precisely

COROLLARY 4.1. Let A € C such that 0 < R(i\) < n and let ¥ € EfB")
such that ¥ = 7\ F with ' € HP(B"). Then the eigenfunction ¥ satisfies the
following growth condition of Hardy type:

n—R(GA)

sup (1—r2)~(=5) [/m |\Il(r0)|pda(9)] ’ < 0.

0<r<1

Moreover we have

sup (1 — 2y~ ("5) [/@B |m(r9)\pda(9)} ’

o<r<1
T (R(iA))T (n)T (250

< 2| F
[T ()T () o () -
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Now we will prove the converse of the above result in the case of p = 2.
For this we introduce, for A € C, the following Hardy type space H(B") for
eigenfunctions of the Laplacian A of the complex hyperbolic space:

H2(B") = {\If € B (B :
Wlaz = sup (1=~ (5 [ | |\If<re>12da<e>] " <o),

THEOREM 4.1. Let A € C such that 0 < R(i\) < n. Then the transfer
operator Ty is a topological isomorphism from the Hardy H?(B") onto H3(B").
Moreover we have

L(n)I'(iA)
2 (1)\+n )

T (R(iA) T ()T ("5

e e T

[Fll2 < [[maF a2 <
T

For the proof of the above theorem we will need the following result giving
the asymptotic behavior of the generalized spherical function ¢, ,(r) as r goes
to17.

LeEMMA 4.2. Let A € C such that R(i\) > 0. Then we have

¢W“%“?;5%?ﬂ—r%%ﬁ
2

)

as r goes to 17, uniformly in p.
We postpone the proof of this lemma to the end of this section.

Proof of Theorem 4.1. The necessary condition follows from Corollary 4.1.
To prove the sufficiency condition, let ¥ € H%(B"). Then, by Corollary 3.1,
there exists a sequence of complex numbers a,; such that

+oodp,

Z Z Dap(r)apih p, ( )-

p=0 j5=1

Since ||¥][x2 < co,we have

N

+00dp7

n— §R(z)\)
(=)~ OIS S (0 Plon, 0P| < 190 < oo,

p=0 j5=1
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for every r € [0,1]. Next, using the uniform asymptotic behavior in p of
®xp(r), given by Lemma 4.2, we obtain

N[

+00 d(p,0)
W nm Do) P | < ¥ <o
p=0 j=1
+00 d(p,O)

Therefore the sum »_ =) =1 apjhio defines a function f in the space
L?(0B™). In fact f is in the Hardy space H?(OB") on the boundary OB",

since
2(0B™) @H »,0

Next let ' = C'f. Then F is in the Hardy space H?(B"), since the Cauchy
operator maps H2(0B") to the Hardy space H?((B"), see Rudin [5].
We have

1+00dp7

T\F(r6) / Z Z ap;h po 7)P(0) K\ (t,r)dt.

p=0 j=1

Thus
OO d(p,O)

1
™ZF(r0) Z Z apihio( / (tr)PK\(t,r)dt,
0

p=0 j=1
by the uniform convergence in ¢t € [0, 1] of the series ;28 e dw, 10)am hj o(0)(tr)P.

Now, recall that

/ (tr)PKx\(t,r)dt = ¢y p(7),
OB

from which we obtain

+oo d(p,o)

T)\F 7”9 Z Z ap]<b,\,p ( )

p=0 j=1

Therefore 7, F = ¥ and the proof of Theorem 4.1 is finished. 1

Letting A = —in with 0 < n < n, in the above theorem we get
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COROLLARY 4.2. Let n € R such that 0 < n < n. Then the transfer
operator T_;;, is a topological isomorphism from the Hardy space H 2(oB™)
onto HEiU(B”), with

I'(n)L(n)
r(*3")

[Ele = I7-inF 2,2

Consequently H3(B") is a Banach space.

Now we give the proof of Lemma 4.2 giving the asymptotic behaviour of
the generalized spherical function.

Proof of Lemma 4.2. Recall that

ZA;_n)p P 2 iA;r" ZA +n ’L)\ +n 9
¢/\,p(’r) = <n> T (1_T ) F 9 + p, 9 ,p+nir .
p

Then using the following identity on hypergeometric functions (see [4]):

Fe)'(c—b—a)

I'(c—a)l'(c—10)

Fe)'(a+b—c)
['(a)T(b)

F(a,b,c;x) = F(a,ba+b—c+1;1— 1)

(1 _ m)c—b—a
Flc—a,c—bc—a—b+1;1—1x),
we can rewrite @), as

(i/\%)prp F(ﬂ+p)F(—i/\)
T ) (0)
n+iA n+iA

F( 2 72

(1 . 742) i)\;—n

+p,z’)\+1;1—r2>

r'éGAI'(n n—i)
F(Q z)>\ (n)(l_rQ) ’

(*5*)
2
N m—iA
F(” 21 o 21 +p,—i/\+1;1—r2>.

and the result follows.
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Remark 4.1. Notice that along the lines of the above proof we can estab-
lished the following result which is interesting in its own:

Let A € C such that R(¢A) > 0 and let ¥ € E)(B"). Then V¥ has an
L?-Poisson integral representation over the boundary OB" if and only if its
satisfies the following growth condition

n—R(i\)

sup (1-— 7‘2)_( ) |:/BIB%" ]‘I’(rG)\Qda(G)F < 0.

o<r<1

This will be proved elsewhere, see also [1] for similar results on characterization
of LP-Poisson integrals on rank one symmetric spaces.
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