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Abstract: In this paper we define the class of p,—dilations for operators on Hilbert spaces.
We give various properties of this new class extending several known results p—contractions.
Some applications are also given.
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1. INTRODUCTION

Sz-Nagy and Foias introduced in [8], the subclass C, of the algebra L(H)
of all bounded operators on a given complex Hilbert space H. More precisely,
for each fixed p > 0, an operator T € C, if there exists a Hilbert space K
containing H as a subspace and a unitary transformation U on K such that;

T" = pPrUp, for all n € N™. (1)

Where Pr : K — H is the orthogonal projection on H. The unitary op-
erator U is then called a unitary p-dilation of T, and the operator T is a
p-contraction.

Recall that T' is power bounded if ||T"|| < M for some fixed M and every
nonegative integer n. From Equation (1), it follows that every p-contraction
is power bounded since ||T"|| < p for all n € N*. Computing the spectral
radius of T, it comes that the spectrum of the operator T satisfies o(T) C D,
where D = D(0, 1) is the open unit disc of the set of complex numbers C.

Operators in the class C, enjoy several nice properties, we list below the
most known, we refer to [7] for proofs and further information.

tThis work is partially supported by Hassan II Academy of Siences and the CNRST
Project URAC 03.
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(1) The function p — C, is nondecreasing, that is C, & Cy if p < p/. We

will denote by Coo = | C,.
p>0

(2) C1 coincides whith the class of contractions (see [6]) and Ca is the class
of operators T having a numerical radius less or equal to 1 (see [1]).
The numerical radius is given by the expression, w(T) = sup{|(Th;h)| :
[Pl = 1}

(3) If T'€ C,s0is T™. It is however not true in general that the product of
two operators in C, is in C,. Also it is not always true that {T belongs
to C, when T € C, for || # 1.

(4) For any M a T—invariant subspace, the restriction of T to the subspace
M is in the class C, whenever T is.

(5) Any operator T such that ¢(T) C D belongs to Cuo.

Numerous papers where devoted the the study of differents aspects of C,; we
refer to [2, 4, 5] for more information.

The next theorem provides a useful characterization of the class C, in term
of some positivity conditions,

THEOREM 1.1. Let T be a bounded operator on the Hilbert space H and
p be a nonnegative real. The following are equivalent

(1) The operator T belongs to the class C, ;

(2) forall h € H;z € D(0;1)

<i —1)|5Th| + (2 - i)Re (Th, h) < [[h]}% 2)

(3) for all h € H;z € D(0;1)

(p— 2)[ 1|2 + 2Re (I — 2T) ", h) > 0. (3)

2. UNITARY pn-DILATION

We extend the notion of p-contractions to a more general setting. More
precisely, let (p,)nen be a sequence of nonnegative numbers. We will say that
the operator T on a complex Hilbert space H belongs to the class C,, if, there



ON A p,-DILATION OF OPERATOR IN HILBERT SPACES 13

exists a Hilbert space K containing H as a subspace and a unitary operator
U such that
T" = pp PrUJ, for all n € N*. (4)

We say in this case that the unitary operator U is a p,-dilation for the operator
T and the operator T will be called a p,-contraction.

Remark 2.1.
(1) For any bounded operator T, the operator
hence admits a unitary dilation. We deduce that,

ﬁ is a contraction and

T € C,, for p, = ||T||" for all n € N.

We notice at this level that, without additional restrictive assumptions on
the sequence (pn)nen, there is no hope to construct a reasonable p,-dilation
theory. Our goal will be to extend the most usefull properties of p—contraction
to this more general setting.

(2) From Equation 4, for T € C,, with U a p,-dilation, we obtain

T[] < [lon PrUR Il < pp.

Therefore the condition lim,_ (pn)% <1 will ensure that o(T) € D(0;1).
(3) In contrast with the class C,, the class C(,, is not stable by powers.

However, if T € C,, and k > 1 is a given integer, we obtain TF ¢ Cp,,- This

latter fact can be seen as a trivial extension of the case p, = pg for every n.

In the remaining part of this paper, we will assume that (pp)nen is a
sequence of nonnegative numbers satisfying

lim (p,)7 < 1. (5)

n—oo

We associate with the sequence (p,,)nen, the following function,

zn
plz) =) —.
n>0 Pn

It is easy to see that condition lim, (pn)% < 1 implies that p € H(D).
Here H(D) is the set of holomorphic functions on the open unit disc D. Also,
the valued-operators function

p(T) = S

Pn
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is well defined and converges in norm for every |z| < 1.

We give next a necessary and sufficient condition to the membership to
the class Cp,,;

THEOREM 2.2. Let T be an operator on a Hilbert space H and (py,)nen is
a sequence of nonnegative numbers. The operator T has a p,-dilation if and
only if

(1- ;)Hm? +2Re (p(=T)(h);h) > 0 for all h € H; = € D(0;1).  (6)

We recall first the next well known lemma from [7, Theorem 7.1] that will be
needed in the proof of the previous theorem.

LEMMA 2.3. Let ‘H be a Hilbert space, G be a multiplicative group and
U be an operator valued function s € G +— ¥(s) € L(H) such that

U(e) = I, e is the identity element of G
U(s™) = U(s)"
Ysea e (Tt s)h(s);h(t) > 0

for finitely non-zero function h(s) from G.
Then, there exists a Hilbert space K containing H as a subspace and a
unitary representation U of G, such that

U(s) = Pr(U(s)) (s € G)

and

K=\ U(s)H

seG

Proof of Theorem 2.2. Let T be a bounded operator in the class C,, and
U be the unitary p,-dilation of T, given by the expression 4. We have clearly,

I+2 Z 2"U" converges to (I + zU)(I — zU)~!

n>1

for all complex numbers z such that |z| < 1.
And

n
Pr(I+2Y "UM) =1+2Y 1.
Pn

n>1 n>1
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By writing,
2
I+22 T”— 1-= I+2Z Cn
o1 P Po ns0 P
— (1= 2)1+20(2T),
Po
we get

Pr((I+2U0)(I -—2U)"") =(1- [)20)1 + 2p(2T).

On the other hand,
(I + 2U)k; (I — 20)k) = ||k|* + (zUk; k) — (k; 2UE) — ||2UK||?
It follows that for every k € K, we have
Re (I + 2U)k; (I — 2U)k) = [[k[]* - [|=Uk|®
= [[klI* — |21*[[K]?
= ||k||*(1 — |2|*) > 0 since |z| < 1.
Now if we take h = (I — 2U)k we will find,
Re ((I 4+ 2U)(I — 2U)"'h;h) = Re (Pr(I + 2U)(I — 2U)"'h; h)

—Re ((1— 2)h +20(=T)(h): h),
Po

and hence for every h € H, we obtain

Re {(1 - j)h +2p(=T)(h); h) > 0
0

or equivalently,
2
(1- ;)\\h\IQ + 2Re (p(2T)(h); h) = 0
0

for every h € ‘H and all complex number z such that |z| < 1.

Conversely, let us show that condition (6) implies that the operator T
belongs to the class C,,. To this aim, assume that (6) is satisfied and take
0<r<1landO0<¢<2r. We introduce the next operator valued function

=TI+ Z mqun + e—inzf)T*n)'
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Then Q(r;¢) converges in the norm operator for every r and ¢. Moreover,
from the inequality 6, we have

(Q(r;0)1;1) >0

for every [ € H. Therefore
1 2

=5 ; (Q(r; #)h(9); h(¢))dp > 0

for every h(¢) = > h,e™™® where (hy)nez is a sequence with only finite
number of nonzero elements in H. We have

J—ZHh I +ZZ T” ™ By ) +ZZ

m n>m m n<m

T*m n)hn,h >

Pmn

for every 0 < r < 1. Now taking r — 1~ will imply

S () (= M) h) > 0,

neZ meZ
where W(, y : Z — L(H) is defined by ¥, y(0) = I, ¥(, \(n) = pinT" and
W, (—n)= pinT*" for every n > 0.

It is immediate that \Il(pn)(n) is nonnegative on the additive group Z of
integers. Using Lemma 2.3, there exists a unitary operator U on a Hilbert
space K containing H as a subspace and such that ¥, y(n) = PrU(n) for all
n € Z.

Therefore for all n € N*

T" = pnPrUm
The proof is completed. 1

Remark 2.4. In the case where (p,)nen is a constant sequence, that is
pn = p for all n € N with p > 0, we obtain

and hence, the inequality 6 becomes
2
(1- ;)||h||2 +2Re (I — 2T) *h;h) >0

for all h € H and z € D. We substitute h by | = (I — 2T)"'h to retrieve
relation 3 and by Theorem (2.1) we obtain T is a p-contraction.
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The next two corollaries are immediate consequences of Equation (6) and
are related to analogous results of p—contraction.

COROLLARY 2.5. Let T € C,, and M a T—invariant subspace. Then
T|M S Cpn'

Proof. Tt suffices to see that Equation 6 is close to restrictions. |

COROLLARY 2.6. Let T be in the class C,, and r > 1 be a real number,
then T is in the class C;,, .

Proof. The inequality 6 is equivalent to
(0 = 2)[[21* + 2poRe (p(2T)(h); k) > 0.

Pluging rp,, instead of p,, we get

(rp0 — 2112 + 2rpoRe (~p(=T)(R); 1) > 0,

-
and thus ) .
(1- J)”hHQ + 2Re (=p(2T)(h); h) > 0.
0

r
Therefore T € C(,.p,)- 1

We also have,

PRrRoPOSITION 2.7. Let T be a bounded operator on a Hilbert space H.
Then for every o > 2, there exists I'(a) > 0 such that the operator T' belongs

to C(y,), where py is a sequence given by p, = I'(a).[[T"[|(1 + n®).

n

Proof. Let I' > 0 and pa(2) = >,y IWVATIEE=TD)

(E=o) for all |z| < 1. Then

2T
o(2T) = for all <1
PaleT) = D (a1 ol el <

For every vector h in H, we set

A(z) = (pa(zT)h; h)
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T"h; h)|

=2 e

(Thih)
< E | 2"|.
LT {[(1 4 n*)

n>0
Setting a,, = %, we have
gl h|?
lan] < o1 (17

T 771+ n®)  T.(1+no)

We conclude that A(z) is holomorphic in the unit disc and continuous on
the boundary. Since the maximun is attained of the circle |z| = 1, we obtain

z)| = |Zanz”

n>0

<D lanllz" =) Jaal
n>0 n>1
Z s

- n>0 (1 +n%)

Now, since anoﬁ is a convergent sequence (a > 2), then choosing

I'=23%" ﬁ will leads to

1
|A(2)] < §||h||27
and then
A2 4 2Re (pa(2T)h; h) > 0 for all h € H and z € D.

Finally , Inequality (6) is satisfied and the operator T' belongs to the class
Clon)- 1

3. THE BERGMANN SHIFT

We devote this section to the membership of the Bergmann shift to the
class C(,,, for some suitable sequence p,,. Let H be a Hilbert space and (€;)ienv
be an orthonormal basis of . Recall that for a given sequence (wy,),en of non
negative numbers; the weighted shift S,, associated with w;,, is defined on the
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basis by Sy (€n) = wpent1. A detailed study on weighted shifts can be found
in the survey [9]. On the other hand; the membership of weighted shifts to
the class C, is investigated in [3].
The Bergman shift is the weighted shift defined on the basis by the ex-
pression Te, = wpént1, where
n+1

Wy, = for all integer n € N*.
n

It is easy to see that,

° HTH = Sup(wn)neN* =2

e The weight (wp)nen+ is decreasing and then

n
T = [Jwi=n+1.
=1

In particular T' is not power bounded and hence does not belong to the class
C, for any p > 0.

We have

PrOPOSITION 3.1. Let T be the Bergmann shift and p,, be the sequence
given by p, = n® for some o > 0. Then for every o > 2, there exists I'(a)
such that T' € Cr(a)p, -

Proof. Let I' > 0 and pa(2) = 2,5 % for all |z| <1 in that

nrmn

T
p(zT) = Z ZFnO‘ for all |z] < 1.

n>1

We set, S = p(2T) and let = be a vector in H. Therefore

2" T"x

I'n>

5() = p(zT)(a) = 3

i>1

Writing = = 2121 xie;, we get

S(x) =Y (S(x)sei)e; = > (O xj(Sejsen))es,

i>1 i>1 j>1
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and

(Sejie) = (3 2 (ep)ren) = 3 (T (ey); e1)

I'ne I'ne
n>1 n>1
o j+n 1
=2 fol (1L woesmien
n>1

It follows that ,
Ziij i—1
(Sejsei) = T(Z -4 H Wp,
i

and then
i—1 i—1

S(z) ;Z wp xJI« ) )€

Jj=1 p=

For the Bergman shift, we have H;;j wp = % and thus
i—1 ;
— e AP
1>2 j=1
Finally, we conclude that the inequality (6) is equivalent to
) .
S feil? + 2Re ZZU ) 20
i>1 122 j=1
If we consider the function
) D) D
1>2 j=1 ‘7
and we write n = ¢ — j, we will obtain,

1
—25 E —_— T2 = E E —_—TiTi—n 2"
n)I'n® I'(i — n)ne
n>1i>n+1

>2 n= 1

We denote by (A(n)), = (an)nen- the sequence of coefficients of A,

1 )
=5 D Tpa o)

1>n+1
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+
.‘H
IN

2 for every i > n + 1, we obtain
1 i
lan = ‘5 Zk 'na(i — n)xixi_n)

1 1
< Fra-T D Jwizinl < Tro=1 > lwiwionl;

i>n+1 i>n+1

and by the Cauchy-Schwartz inequality, it follows,
1 2
|an| < WHHTH < 0.

We deduce that A(z) is holomorphic in the open unit disc and continuous on
the closed unit disc. As the maximum is attained on the circle |z| = 1, we

have
4@ =[5 303 )"

n>1 i>n+1 Tne

<D lanllz =) lanl-

n>1 n>1

Now, since Zn>1 )}X r is a convergente sequence (o > 2), choosing I" =

Zn>1 @ ) T Would lead us to
A < [lz))® =) |l

We derive that,
Re (A(=)] < JA@) < [l = 3 Jal?,
i>1
and hence
j 2
‘QRe ;Z]F xlsz J)‘S;MJ .

Therefore for all z € H and a complex z such that |z| < 1 we have

Z|xl| + 2Re ( ZZ e TiTj2 =iy > 0.

i>1 i>2 j= 1

We conclude that the weighted shift {w,} is a p,-contraction with
=In% 1
n
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Remark 3.2. We claim that for every a > 1 the Bergmann shift belongs to
a class Coo po. A proof is not available for this claim; however it is motivated
by the incomplete computations below.

Let us set, for exemple, p, = 4.n for all integer n > 1, Let H be a Hilbert
space and (e;);en+ be a an orthonormal basis for the Hilbert space H. Consider
the Bergmann shift defined on the basis by Te, = +1en+1 for all n € N*.
Then as in the proof of the previous proposition, we show that inequality (6)
is equivalent to the next

> lzil* + Re ZZ2J )t )y >o. (7)

i>1 i>2 j=1
We write
>l +Re ( ZZ% i) 2 ) lail* = ZZ Slailla,
i>1 i>2 j=1 i>1 i>2 j=1
and
> +ZZ \ illeg) = > aiglllag],
i>1 i>2 j=1 ij>1
with
a;; =1 foralli>1
aij = 4].'(;7].)' for all j # i

Then to show inequality (7), it suffices to prove that the infinite symmetric
matrix with the real entries M = [a;.;] is nonnegative. To this aim, we com-
pute the determinant of the first n x n-corner, to check if it is nonnegative.
An attempt on classical softwares allow to show this fact for n < 150. It is
hence reasonable to conjecture that the Bergman shift belongs to Coo .
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