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The nonlinear Bhatnagar, Gross, and Krook [Phys. Rev. 94, 511 (1954)] kinetic equation is solved
for boundary conditions leading to planar Couette flow and heat transport. In the limit of zero
Knudsen number but arbitrary uniformity parameter (shear rate), an exact "normal" solution is ob-
tained. The velocity distribution function is illustrated explicitly for states far from equilibrium. At
finite Knudsen number, the distribution function is obtained from numerical solution of a set of
nonlinear, singular integral equations. Results are presented for a range of values of the Knudsen
number and uniformity parameter. The approach to a normal state is studied with a determination
of the hydrodynamic profiles, velocity slip, shear viscosity, and a nonlinear Burnett transport
coe%cient.

I. INTRODUCTION

The study of transport processes in Auids far from
equilibrium is dificult for several reasons. Typically, the
nonequilibrium state results from boundary conditions
that introduce boundary layers inside of which the sys-
tem cannot be described by hydrodynamics. ' Away from
the boundary layers hydrodynamics may be applicable,
but generally the consitutive equations are highly non-
linear and not well known for conditions far from equilib-
rium. The boundary-layer problem can be minimized by
considering dense Auids, as in some nonequilibrium com-
puter simulations. However, the theory of nonequilibri-
um transport for dense Auids is not well developed, and
the analysis of such simulations is diScult. More recent-
ly, both molecular-dynamics and Monte Carlo simula-
tions have been performed for nonequilibrium states at
low densities where the theory is better understood. In a
series of recent papers we have studied this problem
using the model nonlinear Bhatnagar, Gross, and Krook
(BGK) equation that represents many of the qualitative
and quantitative features of the nonlinear Boltzmann
equation. In particular, an exact solution at zero Knud-
sen number and a numerical solution at finite Knudsen
number were given for heat transport. The objective
here is to report similar results for the case of planar
Couette Aow. Such exact results, even for idealized mod-
els, provide important examples for controlled compar-
ison with computer simulations and more general
theoretical methods.

A primary motivation for this work is to understand
better the conditions under which a "normal" state ex-
ists. A normal state is a nonequilibrium state for which
the space and time dependence of relevant properties (the
velocity distribution and its moments) occur entirely

through the hydrodynamic variables (e.g., temperature,
pressure, and flow velocity). ' " The boundary layers are
clearly domains for which the concept of a normal solu-
tion does not apply. Qualitatively, boundary layers occur
within a few mean free paths of the physical boundaries,
as measured by the Knudsen number A, (ratio of the local
mean free path to the system size). The normal state is
characterized by a uniformity parameter which measures
the mean free path relative to the spatial variation of the
hydrodynamic variables. A normal-state description is
expected to apply (if at all) only far from the walls and
under conditions of small A, .

In practical circumstances, the spatial gradients are es-
tablished by fixing different values for the hydrodynamic
variables at the boundaries. Increasing the size of the
system to obtain small k for fixed boundary conditions
also has the effect of decreasing the uniformity parame-
ter, yielding a normal state that is asymptotically close to
equilibrium. It is possible that normal states exist only in
this limit, and that states far from equilibrium would
necessarily entail a dependence on both uniformity pa-
rameter and A, even in the bulk. For the special case of
heat How, ' this question was addressed by increasing the
temperature difference at the walls as the system size was
increased. In this way the limit of small A, could be stud-
ied for fixed uniformity parameter. It was found that a
normal state applies even for states far from equilibrium
under the appropriate conditions. The same conclusions
are found for the Couette Aow considered here.

In the next section a formal solution to the nonlinear
BGK equation is obtained for boundary conditions lead-
ing to combined planar Couette How and heat transport.
The boundary conditions are such that the Knudsen
number vanishes near the walls, eliminating the boundary
layer. An exact normal solution is then obtained by ex-
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ploiting the symmetry of the problem to "guess" the ap-
propriate hydrodynamic fields. The results here for the
hydrodynamic fields agree with and justify those of a pre-
vious formal analysis. The velocity distribution function
is also constructed explicitly and evaluated under condi-
tions including large shear rate. Thus we obtain an ex-
ample of a normal solution applicable even to states far
from equilibrium. In Sec. III, the more general case of
finite Knudsen number is considered and the problem is
reduced to solution of a coupled set of five singular, non-
linear, integral equations. A numerical solution to these
equations is obtained over a range of Knudsen numbers
and uniformity parameters. This range comp1ements the
results of Sec. II, since the numerical method becomes
inefficient at very small Knudsen numbers. The hydro-
dynamic fields, velocity slip coefficient, shear viscosity,
and velocity distribution function are all in good agree-
ment with the Chapman-Enskog normal solution for
points far from the boundaries and for small uniformity
parameters. A nonlinear (Burnett order) transport
coefficient associated with the stress tensor is calculated
as a function of the Knudsen number, with results indi-
cating a normal state beyond Navier-Stokes order. Previ-
ous studies of this problem using the BGK equation fo-
cused primarily on larger Knudsen numbers' or states
near equilibrium. ' The conclusions drawn from these
analytical and numerical studies are discussed in the last
section.

II. AN EXACT NORMAL SOLUTION

In this section a formal solution to the stationary state
BGK equation is obtained, incorporating the specified
boundary conditions. For planar geometry, and idealized
boundary conditions (zero-temperature walls), an exact
solution is obtained corresponding to Couette How with
associated heat transport. In this special case the bound-
ary layer vanishes, since the Knudsen number vanishes at
the walls, so the result is a normal solution.

The BGK kinetic equation and its relationship to the
Boltzmann equation has been discussed elsewhere. " It
determines the distribution of velocities, f(v, r, t), in a
gas as a function of space and time for given initial and
boundary conditions. Here, we restrict attention to
boundary-driven stationary states with spatial variation
in only one direction (chosen to be the x direction}. Then
the BGK equation has the simple form

(2.1)

The collision frequency v(x)=v(T(x), p(x)) depends on
x only through its dependence on temperature T(x) and
pressure p(x). The latter dependence is determined by
the particular interparticle force law considered. The lo-
cal equilibrium distribution function ft is a nonlinear
functional of f through its dependence on T (x ), p (x ),
and the flow velocity U(x):

ft(v, x)=8(L —x ) exp[ —[v —U(x)] /2T(x)) .
T (x)(2m. }

(2.2)

We use units such that Boltzmann*s constant and the
mass equal one. The factor of B(L —x ) in Eq. (2.2),
where 6 is the Heaviside step function, rejects the fact
that the system is defined for —L &x &L. It plays no
role in this domain but is convenient for the representa-
tion of the solution given below. The hydrodynamic vari-
ables, T(x},p (x), and U(x) are functionals of f through
the definitions

p(x)/T(x)= Jdv f(v, x), (2.3)

—,'p(x) = f dv ,'(v U)'f(v, x—),— (2.4)

p(x)U(x)/T(x)= fdvvf(v, x) . (2.5)

This dependence of the local equilibrium parameters on
the distribution function is required in order that the
BGK equation preserves the conservation laws for num-
ber, energy, and momentum.

The boundary conditions are imposed on the half dis-
tributions for velocities directed off the walls at +L in
terms of the corresponding distributions directed into the

L
A, =vo I dx v(x)—L

T*= T/To U =U/Uo-

Here u0=2T0 is the thermal velocity at some reference
temperature T0, p0 is a reference pressure, and A, is an
average Knudsen number. The domain in terms of the
dimensionless space variable s is given by 0 &s & 1. In the
following it will be understood that dimensionless quanti-
ties are considered and the asterisk will be deleted. The
solution is then found to be

walls. A formal solution to Eq. (2.1) as a functional of
the hydrodynamic variables can be obtained by direct in-
tegration, with the integration "constant" (function of v)
determined by the boundary conditions. The solution for
the special case of diffuse boundary conditions has been
given in Ref. 8. It is expressed in terms of the dimension-
less variables

f*=vapo 'f, v" =v/uo, s = (i/vo) I dx'v(x'),—L

(2.6)

f(s, v)=f (s, v)+fb(s, v),
fp(s, v)= I dt e 'ft (s —Av, t, v),

0

fb(s, v ) =6(u„)n (m. T )
i exp[ —(v —U )2/T ]e +6( —v„)n+ (srT+ )

X exp[ —(v —U+ ) /T+ ]e

(2.7)

(2.8)

(2.9)
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The first term on the right-hand side of Eq. (2.7) is a par-
ticular solution to Eq. (2.1) corresponding to homogene-
ous boundary conditions (half distributions vanishing at
the boundaries). Thus the specified boundary conditions
appear only in the second term, fb. The parameters T
and T+ represent the (constant) temperatures of the
walls at —L and +L, respectively. Similarly, U+
represent the velocities of the walls, taken here as arbi-
trary constants along the y direction. The constants n+
are twice the density of particles coming oF the walls and
must be determined self-consistently along with the hy-
drodynamic fields in f .

It is clear that f has the form of a normal solution,
since the space dependence of the fL on the right-hand
side of Eq. (2.8) is entirely through the hydrodynamic
variables. The additional boundary contribution fb has
an explicit space dependence whose range is determined
by the average Knudsen number k. In the remainder of
this section we consider idealized conditions under which
this boundary term vanishes, leaving f as the exact nor-
mal solution. One possibility is to choose T+ =0,
U+=+yUo. These are conditions for planar Couette
fiow between very cold walls. It is easily seen that fb
vanishes for all s and v for this choice, leaving

1f(s, v) =f~(s, v) =sgn(u„)(Au„) ' dcr e((s —o )sgn(u„)}exp[ —(s —cr)/Au, ]fr (o,v) .
0

(2.10)

The parameters of the local equilibrium distribution function in the integrand of (2.10) are determined from Eqs.
(2.3)—(2.5). Carrying out the integration over f(s, v) using (2.10) gives

p(s)/T(s)=A, ' J do p(o )T / (cr)J 1
0 Av T(o )

(2.11)

p(s)U„(s)/T(s)=A, ' I do sgn(s —o )p(o )T '(o )Jo
0 T(cr )

(2.12)

p(s)U (s)/T(s)=A, ' f dcr U (o)p(o )T (o )J
0 T(cr )

(2.13)

—,'p(s)=A, ' f do p(cr)T (cr)[U~(cr) —U (s)] J
0 T(o )

r

+k ' f do p(o )T ' '(o. ) J, +J,
0 T(o) A, T(o)

(2.14)

The equation for the z component of the How velocity has not been given since the choice U, =0 is manifestly a solution
to (2.5) using (2.10). The functions J (x) are defined by

J (&) (~)—i/2 j dt tme
—t e

—x/i (2.15)
0

Some of their properties and values are given in the Appendix of Ref. 8. Equations (2.11)—(2.14) are a set of nonlinear,
singular integral equations for the fields p (s), T(s), and U(s). Once they are determined the distribution function (2.10)
is also fully determined.

Uniqueness of solutions to Eqs. (2.11)—(2.14) (if they exist) is determined also by boundary conditions on p, T, and U.
They can be imposed by requiring that the temperature vanish at the two walls and that the How field match the veloci-
ty of the walls. More generally, it might be assumed that there is some "slip" between the wall conditions and those for
T(s) and U(s). From the symmetry of the problem, the simplest form consistent with these conditions is the following:

p(s) =const, U(s) =y( —
Uo+as ), T(s) =13s(1—s ), (2.16)

where a=2UO and P is a constant to be determined. It is now necessary to verify that these forms satisfy Eqs.
(2.11)—(2.14). Consider first Eq. (2.11), which becomes

A/T(s)= f dcr T /(o)J i + f dcr T /(cr)J
o A, T(cr) s T(o )

(2.17)

A change of variables o ~1 cr and not—ing the symmetry T(cr ) = T(1—o ), shows that the right-hand side of (2.17) can
be written

X&T(o).A/T(s)=I(s)+I(1 —s), I(s)= f do T / (o)J.
0

(2.18)

Next, change variables to u =(1 s)cr /(1 —o )s to get—
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I(s)=[P T(s)] ' f du u i (1—s+su)J
0

(1—u) &T(s)
&u ~/3

(2.19)

Then using again the symmetry of T(s),

I(s)+I(1—s)=[P T(s)] 'i f du u (1+u)J
0

(1—u) &T(s)
&u &P

(2.20)

Comparison with (2.18) shows that the assumed forms
(2.16) are solutions to Eq. (2.11).

The same changes of variables in Eqs. (2.12) and (2.13)
lead to verification that these equations are also solved by
the choice (2.16). These solutions apply regardless of the
value of the constant /3 in Eq. (2.16) for the temperature
T(s). However, a similar analysis of Eq. (2.14) shows
that a solution exists only for a particular choice of P,
given implicitly by the equation

f dz(1+2yz ) '[J,(z)+(1+a z )J,(z)]=—,',
0

(2.22)

y(a)=/3X /2, a =Aa=ABU /Bs . (2.23)

The details of the derivation of this result are given in
Appendix A. This completes the verification that the as-
sumed forms, (2.16), are indeed solutions to the integral
equations (2.11)—(2.14). Accordingly, the distribution
function given by (2.10) with the hydrodynamic fields
(2.16) is an exact solution to the nonlinear BGK equation
for the chosen boundary conditions.

The interpretation of y(a) in (2.23) can be obtained
from consideration of the macroscopic conservation laws.
As shown in Ref. 6, the hydrodynamic fields (2.16) result

I

A final change of variables gives the desired result

I(s)+I(1—s) =2XT '(s) f dt J i(t) =A. /T(s) .
0

(2.21)

I

from macroscopic heat and momentum fluxes that have
the same form as the Navier-Stokes approximation, ex-
cept with a shear rate dependent thermal conductivity
~(a) and a shear viscosity g(a) [for consistency with the
notation in Ref. 6, the uniformity parameter (shear rate)
is identified with a =A,a]. It was shown that y(a) is pro-
portional to the Prandtl number P (a):

y(a)=a P(a)/5 =a g(a)/2~(a) . (2.24)

e=k.[T(s)] '~ BT(s)/"r)s .

The distribution function then takes the form

(2.25)

It is shown in Appendix A that the definition of y(a) ob-
tained here is the same as that of Ref. 6. Thus the calcu-
lation of y(a) given there applies here as well. Also, the
above calculations provide a justification of the purely
formal manipulation of divergent series in Ref. 6.

The distribution function is completely determined
now by substitution of the hydrodynamic fields, (2.16),
into the formal solution (2.10). The result depends on v,
s, k, and a. As a normal solution the dependence on s ap-
pears only through the hydrodynamic fields. In the
present case the hydrodynamic fields are sufficiently sim-
ple that the dependence on s, A, , and a can be expressed
entirely in terms of two uniformity parameters a and e.
The shear rate a, given by Eq. (2.23), is a measure of the
spatial variation for the flow field, while e is a corre-
sponding measure of the temperature variation,

4(f & a )
=f /f L,

—

e~ f dt e((1—t)sgng )[2t —(1—5)t']

—26(1 —t )/eg (1+5)e
g +/+ g + (1 —t)

2t —(1—5)t' ' ' e(1+5)

2

(2.26)

where 5(e,a)=e/(e +8y)' and g=[v —U(s)]/&T(s).
With the distribution function now known, all proper-

ties of interest can be calculated by quadratures. Since
the fluxes have been discussed in detail elsewhere, atten-
tion here will be restricted to illustrating the form of the
distribution function at large shear rates. Before doing so
we make some comments regarding the idealized bound-
ary conditions under which it was derived. The initial
step was to eliminate the explicit boundary term fb in

Eq. (2.7) by setting the temperature to zero at both walls.
This approach is similar to the derivation of an exact
solution for steady heat flow where the boundary terms
were eliminated by setting the temperature equal to zero
on one boundary and infinite at the other. In that case it
was necessary to imagine an unbounded system, whereas
here the finite geometry is retained. [The pure heat flow
solution is a special case of (2.26) for a =0 at constant e;
the interpretation of this leads to the unbounded system. ]
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Similarly, for E & 0 particles with g )0 tend to have
g„(0, and vice versa. This leads to a negative shear
stress [Eq. (3.8) below].

3 III. FINITE KNUDSEN NUMBER RESULTS

pX

-3 -3

FIG. 1. Reduced distribution function g(g„,g~, e, a) for @=0
and a = 1; maximum value is approximately 6.3.

3 3

-3 -3

FIG. 2. Same as Fig. 1, for a=0.2; maximum value is ap-
proximately 12.9.

As discussed above, and shown by (2.8), the remaining
part of the solution, f, depends on the space variable en-
tirely through the hydrodynamic fields. Thus we have
constructed explicitly conditions for which the normal
solution is exact. These conditions can be viewed as the
small Knudsen number limit of a more general class of
realistic boundary conditions in the following sense.
The relevant local Knudsen number is given by
E(s}=A&T(s). Near the walls this measures the size of
the boundary layer. By taking the temperature to zero in
this region the boundary layer is made asymptotically
small.

To illustrate the distortion of the velocity distribution
function for states far from equilibrium we consider only
the value a =1, and calculate the reduced distribution
function g(g„g, e, a ) obtained by integrating out the z
component of the velocity:

p(g„,g, E,a)= fdg, f/f dg, fl (2.27)

Figure 1 shows f for the special solution obtained in this
section, at e=O. This corresponds to the center of the
system where the temperature gradient is locally zero.
Figure 2 shows the same distribution for e =0.2, a
domain with relatively large temperature gradient. In
both cases the system is far from equilibrium and large
deviations from equilibrium are observed. The result for
t..=O is symmetric with respect to reflection of the veloci-
ty. This symmetry is broken by the temperature gradient
for e) 0, where there are more particles with negative g,
than with positive g„. This implies a negative heat fiux.

In this section we consider the more realistic case of
walls at finite temperatures. For simplicity, the tempera-
tures at both walls are chosen to be the same, and the lo-
cal temperature is normalized to the wall temperature
(i.e., T+ = T = To ). The reference pressure is chosen to
be po =n To. The solution to the BGK equation is
given by (2.7), where both f and the boundary contribu-
tion fb are nonzero. The hydrodynamic fields p (x),
T(x), and U(x) are again determined from their
definitions (2.3)—(2.5). The integration over velocities can
be performed, leading to integral equations like
(2.11)—(2.14), except that there are now additional contri-
butions from fb on the right-hand sides of these equa-
tions. For example, Eq. (2.11)becomes

p(s)/T(s)=A, ' f do p(o )T (o )J
0 A&T(o )

+n+ Jo((1—s)/A, )+Jo(s/A, ) . (3.1)

The last two terms on the right-hand side are responsible
for boundary layers near the walls. They decrease away
from the wall for s(1—s}»A, QT+ T, according to
the function Jo. However, the latter does not decay ex-
ponentially fast, as the boundary contribution to the dis-
tribution function do, so the equations for the hydro-
dynamic fields provide a more restrictive test for the im-
portance of the boundary layer. This is simply a
reflection of the fact that the boundary layer defined by

fb depends also on the velocity, and the hydrodynamic
boundary layer represents an average over these values.
The additional integral equations for p (s) and U(s) have
a structure similar to that of (3.1) and are given in Ap-
pendix B. The constant n + in (3.1) is determined from
these equations as well. They form a closed set of equa-
tions whose solutions are obtained numerically using a
method described in the Appendix of Ref. 8. Once the
hydrodynamic fields are known the distribution function
can be calculated using (2.7). Other properties of in-
terest, such as the heat and momentum fluxes, can be cal-
culated from (2.7) as well.

The method for numerical solution of these singular in-
tegral equations is rapidly convergent for A, ) 1 over a
wide range of shear rates. However, we are mainly in-
terested here in small A, to investigate the approach to a
normal solution. In this case the method of solution is
limited to relatively small shear rates, a (0.35k.. For
comparison of the results of this section with the special
solution of the last section, it is sufficient at these small
shear rates to give the results of an asymptotic expansion
of (2.26). This small shear rate expansion at zero Knud-
sen number yields precisely the forrnal solution generated
by the Chapman-Enskog method. Consequently, this
asymptotic form will be referred to in the following as the
Chapman-Enskog solution. For comparison with the nu-
merical results of this section, the Chapman-Enskog re-
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suits for the distribution function and two components of
the pressure tensor are given [evaluated at the midpoint
s =

—,', where I3T(s)/Bs =0]:

0.2 l « l

I

l l l l

I

l r

0.1

(fIfr )CE=1—2(„g~a+4g, (g~
—

g /5)a +

(p /p )cE= —a + —", a +

(p /p) =1——'a +",,", a +

(3.2)

(3.3)

(3.4)
0.0

The uniformity parameter a is the local shear rate pro-
portional to the velocity gradient [second equality of Eq.
(2.23)]. Terms in this expansion up through first order in
a are known as Navier-Stokes, while higher-order contri-
butions are referred to as Burnett, super-Burnett, etc.
Some comments on the convergence of this expansion are
given in the last section.

Returning to the finite Knudsen number problem, we
consider first the hydrodynamic fields. It follows directly
from the BGK equation that they have the symmetries

—0.1

p 2 I I I l I I l I I I l l l l I l I I I I I l l I

0 0.2 0.4 0.6 0.8

FIG. 4. Flow velocity profiles for the same parameters as
Fig. 3.

T(1—s) = T(s),
p(1 —s) =p (s), (3.5)

a constant velocity 6U to the Bow field U and a constant
temperature AT to the temperature. The solutions then
become

U (1—s)= —U (s) .

In particular, the special solution of the preceding section
has these symmetries. Figure 3 shows the temperature
profile at an imposed "shear rate, " 2Uo =0.35 for several
values of the average Knudsen number A.. Figure 4
represents the corresponding results for the velocity field.
The pressure is spatially constant to within less than 1%
and is not shown. The qualitative features are the same
for all cases, and can be understood in terms of the corre-
sponding Navier-Stokes hydrodynamic approximation.
The diffuse boundary conditions used to obtain (2.9) cor-
respond to "stick" boundary conditions for the Navier-
Stokes (NS) equations. The resulting solution is just that
given by Eq. (2.16). To compare with the results here at
finite Knudsen number, these solutions can be modified
by an effective "slip" at the boundary obtained by adding

pNs(s) =const,

TNs(s)=1+AT+ —', a s(1 —s),

UNs(s) =y( —Uo+ 5U+ as ),

(3.6)

where the effective slope of the velocity curves, a, is
determined from Fig. 4 at s =0.5. With these
modifications of the Navier-Stokes solutions there is very
good agreement with Figs. 3 and 4. In particular, the ve-
locity field is very nearly linear for all A, , and the tempera-
ture profiles deviate from (3.6) by less than 0.02%%uo for all
A, ~0.5. This means that the primary inAuence of finite
Knudsen number on the hydrodynamic profiles is simply
a velocity and temperature slip at the boundary. The
values of the slip can be compared with theoretical calcu-

1.020 l l l l

I

l l l l

I

l l l l

I

l l l l

I

l l l l 1.25 I I l l

I

I I I l

1.0 15
1.00

0.75

1.010

0.50

1.005
0.25

00p l l l l I I I l I I I

0 0.2 0.4 0.6
0.00

0
I

0.2
I

0.4
I I l I

0.6 0.8

FIG. 3. Temperature, T(s), for A, =0.2 ( ), A, =0.3 (".)
X=0.4 ( —.--—), and A, =0.5 (

———) at 2U0=0. 35.

FIG. 5. Slip coefFicient as a function of Knudsen number for
2U0=0. 35; the point at A, =O indicates the theoretical value at
zero Knudsen number.
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lations at small Knudsen number and shear rate. ' For
example, the velocity slip is usually characterized by a
slip length g:

aUNS
b, U =g or g/1 = b, U/A, a, (3 7)

X

where I =vo/v(x) is the mean free path. Figure 5 shows

the calculated slip coefficient g/I as a function of A, for
2 Uo =0.35. These results extrapolate reasonably well to
the X=0 theoretical value of 1.012.

Next we consider the fluxes. The exact expressions for
the fluxes are obtained from calculating appropriate mo-
ments of the distribution function (2.7). For example, the
xy component of the pressure tensor is found to be

p„E(s)=f dv v„(vE —U )f(s, v)

'f dop(o)T '(o. )IU (s) U(—o)IJO
0 T(cr )

2n—~ Ji((1—s)/A, )[UO —U (s)]

—2J, (s/A, )[UO+ U (s)] . (3.8)

Figure 6 shows a comparison of the results obtained from
(3.8) with the Chapman-Enskog expansion, (3.3), at
Navier-Stokes order. The results are shown as a function
of A, for 2UO=0. 1. The agreement for A. ~0.2 is excel-
lent, while for larger A, boundary e5'ects lead to discrepan-
cies.

These results indicate that a normal solution might be
expected for X~0.2. It would be interesting to know if
this data supports the Chapman-Enskog solution beyond
the Navioer-Stokes approximation. Figure 7 shows the
same results for the shear stress component as a function
of a at A, =0.2. For the smaller values of the shear rate
the curve is very nearly linear with a slope equal to the
Navier-Stokes value of —1. At the higher values of a
there is a deviation from linearity with the same sign as
that of (3.3), but there is not sufficient accuracy to isolate
the Chapman-Enskog coefficient of order a from bound-
ary effects. The corrections to Navier-Stokes for the nor-
mal stress p„„occur at order a and the associated bulk
coefficient can be determined with greater accuracy. The
exact expression for p is

p„„(s)=fdvv„f(s, v)

=2k, ' f do p(o )T '~ (o }J, Is —o
I

0 A'I/T(a )

+2n+ Jz((1—s )/A. )+2Jz(s/k) . (3.9)

The results from numerical evaluation of (3.9) are shown
in Fig. 8 for X=0.2. A clear linear dependence on a is
obtained, but the slope is approximately 0.94 instead of
the Chapman-Enskog value of 6/5 in Eq. (3.4). This
discrepancy can be understood as a Knudsen number
dependence, as shown in Fig. 9. Extraplation to zero
Knudsen number shows agreement within the accuracy
of the calculation. Thus we believe these results support
the validity of the Chapman-Enskog normal solution
beyond Navier-Stokes order.

Finally, we consider the distribution function f(s, v).
The reduced distribution function defined in Eq. (2.27} is
shown in Fig. 10. As expected, there is good agreement
with the Chapman-Enskog solution (3.2) to Navier-
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FIG. 6. Pressure tensor (xy component) as a function of
Knudsen number for 2 Uo =0.1; numerical ( ) and
Newton*s viscosity law ( ———). FICx. 7. Same as Fig. 6 as a function of shear rate for A, =0.2.
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FIG. 8. Normal stress (xx component) as a function of a' for
A. =0.2; numerical ( ) and Burnett order (
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FIG. 10. Relative ratio of reduced distribution functions:
~P(numerical)- 4(CE)/P(numerical)

~

for 2UO =0.35, s =0.5, and

g =0.83; A, =0.2 ( ), A. =O 5 (" ), and X=1.0( ———).

IV. DISCUSSION

The analysis of Couette Qow described in the previous
two sections is essentially exact. In Sec. II an analytic
solution is obtained for boundary conditions correspond-
ing to zero Knudsen number, but arbitrary shear rate.
This constitutes an explicit construction of a normal solu-
tion without limitation to states near equilibrium. The
asymptotic expansion of this solution agrees with the
Chapman-Enskog construction for small shear rates.
Since the latter is expected to be divergent but asyrnptot-
ic, ' ' the analysis here associates that asymptotic ex-
pansion with a well-defined solution to the kinetic equa-
tion. Similar results were obtained for pure heat Aow.

A formally exact solution for diffuse boundary condi-

1.25 I I

I

I I I I

I

I I I l

I

I t f I

I

i I g

1.00

0.75

CO

C)

I

f4

0.50

0.25

Stokes order for ~g„~
~ l. At larger velocities the effective

boundary layer extends into the bulk of the system and
finite Knudsen number deviations are observed.

tions, (2.7), was evaluated by numerical solution to the in-
tegral equations for the temperature, pressure, and How
velocity in Sec. III. The diffuse boundary conditions lead
to boundary layers, rejected in a Knudsen number
dependence of the hydrodynamic fields, cruxes, and distri-
bution function. The numerical method used is not ap-
plicable at very small Knudsen numbers for large shear
rates, but the approach to a normal solution was studied
by considering properties as a function of Knudsen num-
ber. Specifically, it was found that the shear stress com-
ponent p„~ is well described by the Navier-Stokes approx-
imation for k+0.2. Furthermore, the normal pressure
component p„was found to agree with the Chapman-
Enskog result up through Burnett order. Numerical ac-
curacy of the method for solving the integral equations
was monitored by checking that p„ is spatially constant
(an exact property from the BGK equation) to within
1%.

The hydrodynamic fields were found to agree very well
with the zero Knudsen number form, if appropriate slip
coefficients were used to modify the boundary conditions.
The slip coefficient for the velocity also was found to
agree well with that calculated from theory.

The distribution function for zero Knudsen number
was calculated for large shear rates to illustrate its distor-
tion far from equilibrium. It was also calculated for finite
Knudsen number and small shear rates for comparison
with the Chapman-Enskog result. As expected, agree-
rnent in the latter case was observed for velocities less
than the local thermal velocity.
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APPENDIX A: PROOF OF EQ. (2.22)

Equation (2.14) imposes a relationship between the pa-
rameters a and P in the assumed forms for the velocity

I

and temperature fields of (2.16). The resulting relation-
ship, given by Eq. (2.22), is verified in this appendix.
Equation (2.14) is

—3p(s)=A, ' f do p(o)T (cr)[U (cr) —U (s)] J
0 X&T(a)

+A, 'f dop(o}T ' (o) J i +Ji
0 T(o )

/s —cr
/

A,&T(o )

Using the explicit forms for T, p, and U given in (2.16) this can be written

—,
' =i (s)+i(1—s ), (A2)

i( s)=A, 'f do T ' (o)
0

a (o —s) /s crf— [s —cr/

T(a) ' ~&T(a) ' ~~T(a) (A3)

Next a change of variables to u =(1—s )o /(1 cr )s g—ives

1i(s)=T' (s}(AP) ' du u '~ (1—s+su) ' J,
0

(1—u) &T(s) T(s)a (1—u )

&u &p p'u
(1—u) &T(s)

&u &p

(A4)

i(s)+i(1—s)=T' ( )(AP)
u s 1 —s 1+u +u 1 —2s+2s

(1—u) &T(s) T(s)a (1 —u )

v'u Xp p'u
(1—u) &T(s)

Vu kp
(A5)

Finally, a change of variables to z = T'~ (AP) '(1
—u)u '" leads to

i(s)+i(1 —s )

=2f dz(l+yz ) 'I J, (z)+[1+(az) ]J,(z)I,
(A6)

where a =ak and y=A, P/2. Combining (A6) with (A2)
gives Eq. (2.22):

4= f dz(l+2yz ) 'IJi(z)+[1+(az) ]J i(z)I
0

(A8)a —3y —(a —3y)F, (y)+2y F2(y)=0,

F,(y)—=2f dz(1+2yz ) 'J, (z),

F2(y)=y ' f dz(1+2yz ) '[2J, (z) —J,(z)] .
0

(A9)

(A10)

Next we verify that this implicit definition of y(a) is
the same as that found in Ref. 6. First (A7) is rewritten
as

The function F, (y) can be written more explicitly using
(2.15):

F, (y)= —f dz e 'f ™dt(1+2yz) 'e= 2
V'tr o 0

= f "dz e f "d-t e-'e-'""r"
0 0

(A 1 1)

APPENDIX B: INTEGRAL EQUATIONS
FOR DIFFUSE BOUNDARY CONDITIONS

In this appendix we given the complete set of integral
equations for the temperature, pressure, and Aow velocity
in the case of difFuse boundary conditions:

where use has been made of identity 7.4.11 in Ref. 15.
Then, by a similar analysis and the identity
c)J, (z}/c}z=—Jo(z) it is possible to show that F2(y) is
the derivative of F, (y). With these results, Eq. (A8) is
seen to be the same as Eqs. (3.14) and (3.15) of Ref. 6.

p(s)/T(s)=A, ' f dcr p(o )T r (o.)J i +n+ Jo((1—s)/A+T+ )+n Jo(s/kQT ),
0 T(o )
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p(s)U„(s)/T(s)=0=A, f der p(cr)T (tr)sgn(s —o )Jo
—]. —1

Q A.&T(tr )

+n QT J (sIA")I'T ),

n—+ Q T+ J, ((1—s ) IAQT+ )

{82)

p(s)U (s)/T(s)=A, ' f do p(o )T ' '(tr)&~(cr)J ~ +n+ U+ J&{(1 s)/~V T+ )
0 T(o )

n—U Jo(s lk"(I T ),
r

—3p(s)=A, ' f do p(o )T ' (o )[U (a)—U (s)] J
0 X&T(o)

(83)

+A, de p p' T 0 J ) +J]
0 T(o ) A, T(o )

+n+ [(T++U2+ )J,{(1—s)IAQT+ )+T+J2((1—s)IA "(IT+ )]
+n [(T + U )Jo(slk+T )+ T J2(s/&QT )] .

These equations are solved numerically using the method described in the Appendix of Ref. 8.
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