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The prototype model of a fluidized granular system is a gas of inelastic hard spheres �IHS� with a constant
coefficient of normal restitution �. Using a kinetic theory description we investigate the two basic ingredients
that a model of elastic hard spheres �EHS� must have in order to mimic the most relevant transport properties
of the underlying IHS gas. First, the EHS gas is assumed to be subject to the action of an effective drag force
with a friction constant equal to half the cooling rate of the IHS gas, the latter being evaluated in the local
equilibrium approximation for simplicity. Second, the collision rate of the EHS gas is reduced by a factor
1
2 �1+��, relative to that of the IHS gas. Comparison between the respective Navier-Stokes transport coeffi-
cients shows that the EHS model reproduces almost perfectly the self-diffusion coefficient and reasonably well
the two transport coefficients defining the heat flux, the shear viscosity being reproduced within a deviation
less than 14% �for ��0.5�. Moreover, the EHS model is seen to agree with the fundamental collision integrals
of inelastic mixtures and dense gases. The approximate equivalence between IHS and EHS is used to propose
kinetic models for inelastic collisions as simple extensions of known kinetic models for elastic collisions.
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I. INTRODUCTION

As is well known, the prototype model of a granular fluid
under conditions of rapid flow consists of a gas of �smooth�
inelastic hard spheres �IHS� characterized by a constant co-
efficient of normal restitution ��1 �1,2�. When two par-
ticles moving with velocities v and v1 collide inelastically,
they emerge after collision with velocities v� and v1�, respec-
tively, given by

v� = v −
1 + �

2
�g · �̂��̂, v1� = v1 +

1 + �

2
�g · �̂��̂ .

�1.1�

Here, �̂ is a unit vector directed along the centers of the two
colliding spheres at contact and g�v−v1 is the precolli-
sional relative velocity. The collision rule �1.1� conserves
momentum but energy is decreased by a factor proportional
to the degree of inelasticity 1−�2, namely

v�2 + v1�
2 − v2 − v1

2 = − �g · �̂�21 − �2

2
. �1.2�

Stated differently, while the component of the relative veloc-
ity orthogonal to �̂ does not change upon collision, the mag-
nitude of the parallel component decreases by a factor �:
g� · �̂=−�g · �̂, where g��v�−v1� is the postcollisional rela-
tive velocity. From Eq. �1.1� it is straightforward to get the

precollisional or restituting velocities v� and v1� giving rise to
postcollisional velocities v and v1:

v� = v −
1 + �

2�
�g · �̂��̂, v1� = v1 +

1 + �

2�
�g · �̂��̂ ,

�1.3�

where g=v−v1 is now the postcollisional relative velocity.
The inelasticity of collisions contributes to a decrease of

the granular temperature T�t� �proportional to the mean ki-
netic energy per particle in the Lagrangian frame�, i.e.,

� �T

�t
�

coll
= − �T , �1.4�

where ����1−�2� is the cooling rate, � being an effective
collision frequency. Equation �1.4� implies that in order to
reach a steady state an external energy input is needed to
compensate for the collisional cooling.

In the case of a gas of elastic hard spheres �EHS�, energy
is conserved by collisions. However, a cooling effect can be
generated by the application of a drag force proportional to
the particle velocity, i.e.,

� �T

�t
�

drag
= − 2�T , �1.5�

where � is the friction coefficient �3�. Obviously, the choice
�= 1

2� makes the drag force produce the same cooling effect
on the EHS system as inelasticity does on the IHS one. As a
consequence, at a macroscopic level of description, the hy-
drodynamic balance equations of mass, momentum, and en-
ergy for the IHS gas are �formally� identical to those for the
frictional EHS gas:

Dtn + n � · u = 0, �1.6�
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Dtu +
1

mn
� · P = 0 , �1.7�

DtT +
2

dn
�� · q + P:�u� = − �T . �1.8�

Here, Dt��t+u ·� is the material time derivative, d is the
dimensionality of the system, m is the mass of a sphere, n is
the number density, u is the flow velocity, T is the granular
temperature, P is the pressure tensor, and q is the heat flux.
The right-hand side term in Eq. �1.8� comes from Eq. �1.4� in
the case of IHS, whereas it comes from Eq. �1.5� �with
�= 1

2�� in the case of EHS.
Despite the trivial common structure of the macroscopic

balance equations �1.6�–�1.8� for the free IHS and the driven
EHS gases, the underlying microscopic dynamics is physi-
cally quite different in both systems: in the IHS gas �i� each
colliding pair loses energy upon collision but �ii� all the par-
ticles move freely between two successive collisions; in the
EHS case, however, �i� energy is conserved by collisions but
�ii� all the particles lose energy between collisions due to the
action of the drag force. Therefore, during a certain small
time step, only a small fraction of particles is responsible for
the cooling of the system in the IHS case, whereas all the
particles contribute to the cooling in the EHS case. These
differences are sketched in Fig. 1. In principle, there is no
reason to expect that the relevant nonequilibrium physical
properties �e.g., the one-particle velocity distribution func-
tion� are similar for IHS and frictional EHS under the same
conditions.

Let us consider, for instance, the homogeneous cooling
state �4�. In that case, the energy balance equation �1.8� be-
comes

dTHC�t�
dt

= − �HC�t�THC�t� . �1.9�

The solution to Eq. �1.9� is Haff’s law:

THC�t� =
THC�0�

�1 +
1

2
�HC�0�t	2 , �1.10�

where we have taken into account that �HC�t�	THC
1/2�t�. The

above cooling law is valid for the homogeneous cooling state
of both IHS and frictional EHS, provided that in the latter
one considers a time-dependent friction coefficient �	T1/2

and ��0�=�HC�0�. The homogeneous Boltzmann equation
admits in both cases a scaling solution of the form

fHC�v,t� = n�m/2THC�t��d/2fHC
*
„c�t�… ,

c�t� = v/
2THC�t�/m . �1.11�

On the other hand, while the distribution function is a Gauss-
ian fHC

* �c�=
−d/2e−c2
for EHS �5�, deviations from a Gauss-

ian are present in the case of IHS �4,6,7�. These deviations
are measured, for instance, by a nonzero fourth cumulant �or
kurtosis�,

a2 �
4

d�d + 2�
�c4� − 1, �1.12�

and by an overpopulated high-energy tail fHC
* �c��e−Ac. In

the case of a gas heated by a white-noise forcing, the steady-
state distribution function is again a Gaussian for frictional
EHS, while a2�0 and f*�c��e−Ac3/2

for IHS �4,7�.
The above two examples are sufficient to illustrate that,

obviously, the IHS and driven EHS systems are not strictly
equivalent. On the other hand, the differences between the
homogeneous solutions for IHS and EHS are not quantita-
tively important in the domain of thermal speeds �for in-
stance, a2�0.02 for IHS with ��0.7�. Therefore, it is still
possible that both systems exhibit comparable departures
from equilibrium in inhomogeneous states, in which case

FIG. 1. Sketch of the microscopic dynamics of inelastic hard
spheres �IHSs, left panel� and elastic hard spheres under a friction
force �EHSs, right panel�. At t=0− both systems are prepared in the
same microstate and particles A and B are about to collide. In the
IHS system, particles A and B recede immediately after collision �at
t=0+� with a relative velocity smaller than the precollision one, so
the mean kinetic energy decreases, E�0+�E�0−�. During the time
step �t no collision takes place and the particles move ballistically,
so E��t�=E�0+�. In the EHS system, the collision between particles
A and B is elastic, so E�0+�=E�0−�. However, during the time step
�t all the particles feel the drag force and, consequently,
E��t�E�0+�. Note that at t=�t the respective microstates in the
IHS and EHS systems are different, even if the energy loss
E�0−�−E��t� is the same.
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transport of momentum and/or energy are the most relevant
phenomena. As a matter of fact, one of the most distinctive
features of granular gases, namely the clustering instability,
has a hydrodynamic origin �2,6�, and so it must also appear
in a gas of EHS under the action of a drag force with a
state-dependent friction coefficient � proportional to a char-
acteristic local collision frequency.

The aim of this paper is to investigate to what extent a
frictional EHS gas can “disguise” as an IHS gas in what
concerns the transport properties of mass, momentum, and/or
energy, which are dominated by the thermal domain of the
velocity distribution function. If that were the case, the sig-
nificant body of work already available for the kinetic theory
of normal gases could be exploited to provide a practical tool
for granular gases. A preliminary report of this work has
been given in Ref. �8�. In Sec. II we construct a minimal
model of EHS in the framework of the Boltzmann equation
that intends to capture the basic properties of the Boltzmann
equation for IHS with a given coefficient of restitution �.
First, as discussed above, the EHS system is assumed to be
under the influence of a drag force. By equating the right-
hand sides of Eqs. �1.4� and �1.5�, the friction coefficient � of
the EHS gas should be chosen as half the cooling rate ���� of
the true IHS gas. However, this is not practical since � is a
functional of the nonequilibrium velocity distribution of IHS
and we want an autonomous Boltzmann equation for EHS,
i.e., an equation that does not require the previous knowl-
edge of the solution of the Boltzmann equation for IHS. One
could autonomously define � as the same functional of the
EHS distribution as � is of the IHS distribution, but this
would also result in a too complicated model. For these rea-
sons, we choose �= 1

2�0���, where �0 is the cooling rate in
the local equilibrium approximation. This is consistent with
the fact that the velocity distribution function of EHS is a
Gaussian in the homogeneous cooling state, as well as in the
steady state driven by a white-noise thermostat. The price to
be paid by the simple choice �= 1

2�0 is that the equivalence
between the respective sources of cooling, Eqs. �1.4� and
�1.5�, is only approximate. As a second ingredient of the
model, the collision rate of the EHS gas, relative to that of
the IHS gas, defines a dimensionless parameter � that can be
freely chosen to optimize the agreement with the IHS prop-
erties. In order to have a clue on an optimal choice of �, the
Navier-Stokes transport coefficients of both systems are
compared in Sec. III. As a compromise between simplicity
and accuracy, we simply choose ����= 1

2 �1+��. The �ap-
proximate� mapping EHS→ IHS allows one to extend di-
rectly to granular gases those kinetic models originally pro-
posed for conventional gases �9,10�. This is illustrated in
Sec. IV for the Bhatnagar-Gross-Krook �11� and the ellipsoi-
dal statistical �12� kinetic models. The extension of the ap-
proximate equivalence between inelastic and �frictional�
elastic particles to mixtures, dense gases, and Maxwell mod-
els is discussed in Appendixes A–C, respectively. In particu-
lar, the applications to mixtures and to dense gases reinforce
the choice ����= 1

2 �1+��. The paper ends with some con-
cluding remarks in Sec. V.

II. MODEL OF FRICTIONAL ELASTIC HARD SPHERES

A. Basic properties of the Boltzmann equation
for inelastic hard spheres

The Boltzmann equation for a gas of inelastic hard
spheres �IHS� is �13–15�

��t + v · ��f = J����f , f� , �2.1�

where f�r ,v ; t� is the one-particle velocity distribution func-
tion and J����f , f� is the Boltzmann collision operator

J����f , f� = �d−1� dv1� d�̂��g · �̂��g · �̂�

���−2f�v��f�v1�� − f�v�f�v1�� , �2.2�

where the explicit dependence of f on r and t has been omit-
ted. In Eq. �2.2�, � is the diameter of a sphere and � is the
Heaviside step function. The precollisional or restituting ve-
locities v� and v1� are given by Eq. �1.3�. Of course, the
collision operator for elastic hard spheres �EHSs�, J�1��f , f�,
is obtained from Eqs. �2.2� and �1.3� by simply setting
�=1.

The first d+2 moments of the velocity distribution func-
tion define the number density

n�r,t� =� dvf�r,v;t� , �2.3�

the nonequilibrium flow velocity

u�r,t� =
1

n�r,t� � dvvf�r,v;t� = �v� , �2.4�

and the granular temperature

T�r,t� =
m

n�r,t�d � dvV2�r,t�f�r,v;t� =
m�V2�

d
, �2.5�

where V�r , t��v−u�r , t� is the peculiar velocity. The basic
properties of J����f , f� are those that determine the form of
the macroscopic balance equations for mass, momentum, and
energy

� dv�
1

mv

1

2
mV2�J����f , f� =�

0

0

−
d

2
nT�� . �2.6�

By standard manipulations of the collision operator, the cool-
ing rate can be written as �14,16�

��r,t� = �1 − �2�
m
�d−1�/2�d−1

4d��d + 3

2
�

n�r,t�
T�r,t�

�V12
3 � , �2.7�

where
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�V12
3 � =

1

n2�r,t� � dv1� dv2v1 − v23f�r,v1;t�f�r,v2;t�

�2.8�

is the average value of the cube of the relative speed. The
properties �2.6� lead to the balance equations �1.6�–�1.8� with
the following kinetic expressions for the pressure tensor and
the heat flux:

Pij = m� dvViVjf�v� , �2.9�

q =
m

2
� dvV2Vf�v� . �2.10�

The cooling rate � is a nonlinear functional of the distri-
bution function f through the average �V12

3 �. As a conse-
quence, � cannot be explicitly evaluated unless the Boltz-
mann equation is solved. Nevertheless, a simple estimate is
obtained from Eq. �2.8� by replacing the actual distribution
function f by the local equilibrium distribution

f0�v� = n�m/2
T�d/2 exp�− mV2/2T� . �2.11�

In that case

�V12
3 � → �V12

3 �0 = 23/2�V3�0 = 4
−d/2�d��d + 3

2
�� T

m
�3/2

,

�2.12�

where �d�2
d/2 /��d /2� is the total solid angle. When the
approximation �2.12� is inserted into Eq. �2.7�, one gets the
local equilibrium cooling rate �16,17�

�0�r,t� = �0
*�0�r,t�, �0

* �
d + 2

4d
�1 − �2� , �2.13�

where

�0 =
4�d



�d + 2�
n�d−1� T

m
�1/2

�2.14�

is an effective collision frequency. The local equilibrium es-
timate �2.13� expresses the cooling rate as a functional of f
through the local density and temperature only. In addition,
its dependence on inelasticity is simply �0	1−�2.

It is now convenient to introduce the modified collision
operator �16�

J̄����f , f� � J����f , f� −
�

2

�

�v
· �Vf� . �2.15�

By construction, the operator J̄����f , f� has the properties

� dv�
1

mv

1

2
mV2� J̄����f , f� = �0

0

0
� , �2.16�

as follows from direct evaluation using Eq. �2.6�.

B. The model

The modified inelastic collision operator J̄����f , f� shares
with the elastic collision operator J�1��f , f� the property of
having d+2 vanishing low velocity moments. Of course,

J̄����f , f� and J�1��f , f� differ in many other aspects. For in-
stance, in the homogeneous cooling state the velocity distri-

bution function is the solution to J̄����fHC, fHC�=0 �16�,
which differs from a Gaussian, the latter being the solution to
J�1��f , f�=0. Moreover, the elastic collision operator satisfies
the H theorem, namely,

� dv�ln f�J�1��f , f� � 0, �2.17�

while an H theorem has not been proven for J̄����f , f�. De-
spite these differences, the common properties �2.16� suggest

the possibility that the operators J̄����f , f� and J�1��f , f� have a
similar behavior in the domain of thermal speeds �i.e., for
V�2
2T /m�. This expectation can be exploited to propose
the approximation

J̄����f , f� → �J�1��f , f� , �2.18�

where ���� is a positive constant to be determined later on.
Its introduction does not invalidate Eq. �2.16� but allows us
to fine-tune the approximate equivalence between both op-
erators. In agreement with the spirit of the above discussion
we further approximate the true cooling rate given by Eq.
�2.7� by the local equilibrium estimate �2.13�. In summary,
our model consists of the replacement

J����f , f� → �J�1��f , f� +
�0

2

�

�v
· �Vf� , �2.19�

so that the Boltzmann equation �2.1� becomes

��t + v · �−
�0

2

�

�v
· V� f = �J�1��f , f� . �2.20�

In this model, the gas of inelastic hard spheres with a
given coefficient of restitution � is replaced by an “equiva-
lent” gas of elastic hard spheres subject to the action of a
drag force Fdrag=−m�V with �= 1

2�0. While this drag force
does not affect the conservation of momentum on average,
this is not so at a microscopic level. To clarify this point, let
us consider the particles inside a small box �r centered about
the point r at time t in a given microstate. Because of the
action of the drag force, the velocities of those particles
change during a short time interval �t as

vi�t� → vi�t + �t� = vi�t� − ��r,t��vi�t� − u�r,t���t .

�2.21�

Summing over all the �N particles inside the box, we
find that, in general, �i��rvi�t+�t���i��rvi�t� since
�i��rvi�t���Nu�r , t�. On the other hand, the momentum is
conserved when averaging over all the microstates, i.e.,
��i��rvi�t+�t��= ��i��rvi�t��, where we have taken into ac-
count that, by definition, u�r , t�= ��i��rvi�t�� / ��N�. This av-
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eraging process is already built in the Boltzmann equation
�2.20�.

The fact that in the friction constant the actual cooling
rate � of the granular gas is approximated by �0 �or, equiva-
lently, �V12

3 �→ �V12
3 �0� is dictated by simplicity since it does

not seem necessary to retain the detailed functional depen-
dence of Eq. �2.8� when, on the other hand, the coarse-
grained approximation �2.18� is being used. In other words,
the discrepancies due to �→�0 may be expected to be less
important than those associated with the approximation
�2.18� itself. In any case, if one wishes to keep the true
cooling rate � in the model �2.19�, � must be interpreted as a
functional of the solution of Eq. �2.20� itself, not as a func-
tional of the solution of Eq. �2.1�. Otherwise, Eq. �2.20�
would not be an autonomous equation and it would be nec-
essary to know the solution of the IHS Boltzmann equation
�2.1� before dealing with the EHS Boltzmann equation
�2.20�, what is not only impractical but artificially compli-
cated as well.

In Eq. �2.2� the coefficient of restitution � appears both
explicitly �by the factor �−2 inside the collision integral� and
implicitly �through the collision rule �1.3��. In contrast, in the
model �2.19� � appears only explicitly, as well as outside the
collision integral, through the approximate cooling rate
�0	1−�2 and the parameter ���� still to be determined. This
simplification can be justified as long as one is mainly inter-
ested in the gross effects of inelasticity on the nonequilib-
rium velocity distribution function, while the fine details
might not be captured by the model �2.19�. However, as seen
in the companion paper �18�, the reliability of the EHS
model turns out to be higher than the expected one.

In principle, there is no reason to expect that the gas of
EHS which most efficiently mimics the relevant transport
properties of the granular gas is made of particles with a
diameter �� equal to the diameter � of the inelastic spheres.
If �� and � were equal, then both systems would have the
same mean free time but not necessarily the same rate of
momentum and energy transfer upon collisions. The effect
associated with ���� is accounted for by the parameter �.
Since J�1��f , f� is defined by setting �=1 in Eq. �2.2�, it is
proportional to �d−1, not to ��d−1. Therefore, �J�1��f , f� is the
collision operator of EHS of diameter ��=�1/�d−1��. Alterna-
tively, Eq. �2.20� can be rewritten as

��t� + v · �� −
�0

2�

�

�v
· V� f = J�1��f , f� , �2.22�

where t���t and ��=� /�r� with r���r. According to Eq.
�2.22�, the original IHS system is replaced by an EHS system
with the same diameter ��=�, but with a friction constant
��=�0 /2� and spatial and temporal variables scaled by a
factor � with respect to those of the IHS system. In what
follows, we will use for the model the form �2.20� rather than
the form �2.22� and will view � as a correction factor to
modify the collision rate of the equivalent system of EHS,
relative to the collision rate of the IHS system. This implies
that after a certain common time interval �t the number of
collisions experienced by the EHS is in general different
from that of the IHS. In the next section we make a definite

proposal for ���� based on the comparison between the EHS
and IHS Navier-Stokes transport coefficients.

III. NAVIER-STOKES TRANSPORT COEFFICIENTS

A. Stress tensor and heat flux

The irreversible momentum and energy transport are
measured by the stress tensor �ij = Pij − p�ij �where
p=nT=d−1TrP is the hydrostatic pressure� and the heat flux
q. By an extension of the Chapman-Enskog method �19� to
the case of inelastic collisions �17,20–23�, one gets the
Navier-Stokes constitutive equations

�ij = − ���iuj + � jui −
2

d
� · u�ij� , �3.1�

q = − � � T − � � n , �3.2�

where � is the shear viscosity, � is the thermal conductivity,
and � is a transport coefficient with no counterpart in the
elastic case. For IHS, the explicit expressions for the trans-
port coefficients in the first Sonine approximation are given
by �17,21�

� =
nT

�0

1

��
* −

1

2
�*

, �3.3�

� =
nT

m�0

d + 2

2

1 + 2a2
HC

��
* − 2�* , �3.4�

� =
T2

m�0

d + 2

2

�* + a2
HC��

*

���* −
3

2
�*����

* − 2�*�
. �3.5�

In these equations, the effective collision frequency �0 is
defined by Eq. �2.14�,

a2
HC =

16�1 − ���1 − 2�2�
9 + 24d − ��41 − 8d� + 30�2�1 − ��

�3.6�

is an estimate of the kurtosis of the velocity distribution
function �see Eq. �1.12�� in the homogeneous cooling state
�4,24�, and

�* = �0
*�1 +

3

16
a2

HC� �3.7�

is the �reduced� cooling rate in the same state. Moreover,

��
* =

� dvD:L���f0D

�0� dvf0D:D

=
3

4d
�1 − � +

2

3
d��1 + ���1 −

1

32
a2

HC�
�3.8�

is the �reduced� collision frequency associated with the shear
viscosity, where
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Dij�V� � m�ViVj −
V2

d
�ij� �3.9�

and

��
* =
� dvS · L���f0S

�0� dvf0S · S

=
1 + �

d
�d − 1

2
+

3

16
�d + 8��1 − ��

+
4 + 5d − 3�4 − d��

512
a2

HC	 �3.10�

is the �reduced� collision frequency associated with the ther-
mal conductivity, where

S�V� � �m

2
V2 −

d + 2

2
T�V . �3.11�

In the first equalities of Eqs. �3.8� and �3.10�, L��� represents
the linearization of the collision operator J��� around the ho-
mogeneous cooling state

L���� � − J�����, fHC� − J����fHC,�� . �3.12�

In the model �2.19� the transport coefficients are formally
given by Eqs. �3.3�–�3.5�, except that a2

HC→0 �since the ho-
mogeneous cooling state solution is now the local equilib-
rium distribution, i.e., fHC= f0� and ��

* and ��
* are given by

the first equalities of Eqs. �3.8� and �3.10� with the replace-
ment

L��� → �L�1� −
�0

2

�

�v
· V , �3.13�

where the operator L�1� is defined by Eq. �3.12� with �=1
and fHC= f0. Taking into account the properties

V · �vDij = 2Dij, V · �vSi = 3Si + �d + 2�TVi, �3.14�

one easily gets

��
* → � + �0

*, �3.15�

��
* →

d − 1

d
� +

3

2
�0

*. �3.16�

In summary, the transport coefficients of the EHS model in
the first Sonine approximation are

� =
nT

�0

1

� +
1

2
�0

*

, �3.17�

� =
nT

m�0

d + 2

2

1

d − 1

d
� −

1

2
�0

*

, �3.18�

� =
T2

m�0

d�d + 2�
2�d − 1�

�0
*

��d − 1

d
� −

1

2
�0

*� . �3.19�

So far, the choice of the parameter � remains open. To
reproduce the main trends in the � dependence of the shear
viscosity for IHS, let us equate Eq. �3.17� to Eq. �3.3� �with
a2

HC=0 for consistency�. This yields

� =
1 + �

2
�1 −

d − 1

2d
�1 − ��	 � ��. �3.20�

Analogously, the model captures the behavior of the thermal
conductivity if � is obtained by equating Eq. �3.18� to Eq.
�3.4� with a2

HC=0. The result is

� =
1 + �

2
�1 +

3

8

4 − d

d − 1
�1 − ��	 � ��. �3.21�

This expression also optimizes the agreement between Eqs.
�3.5� and �3.19�, i.e., ��=��.

B. Self-diffusion

If in the homogeneous cooling state a group of tagged
particles �here labeled with the subscript t� have initially a
nonuniform density nt, the associated velocity distribution
function f t obeys the Boltzmann-Lorentz equation

��t + v · ��f t = J����f t, fHC� � − LBL
���f t. �3.22�

As a consequence, a current jt=�dvvf t�v� of tagged particles
appears opposing the concentration gradient. Conservation of
the number of tagged particles implies the continuity equa-
tion

�tnt + � · jt = 0. �3.23�

In the limit of weak gradients, one has

jt = − D � nt, �3.24�

where D is the self-diffusion coefficient. By standard appli-
cation of the Chapman-Enskog method in the first Sonine
approximation, the self-diffusion coefficient of IHS can be
derived. The result is �25�

D =
T

m�0

1

�D
* −

1

2
�*

, �3.25�

where

�D
* =

� dvv · LBL
���f0v

�0� dvv2f0

=
d + 2

4d
�1 + ���1 −

1

32
a2

HC�
�3.26�

is the �reduced� collision frequency associated with the self-
diffusion coefficient.

In our EHS model, the Boltzmann-Lorentz equation
�3.22� is replaced by
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��t + v · �−
�0

2

�

�v
· �v − ut�	 f t = �J�1��f t, f0� � − �LBL

�1� f t,

�3.27�

where we have taken into account that the peculiar velocity
V appearing on the left-hand side of Eq. �2.19� must now be
understood as v−ut, where ut= jt /nt is the mean velocity of
the tagged particles, in order to make Eq. �3.27� consistent
with the continuity equation �3.23�. Similarly to Eq. �3.13�,
the model implies

LBL
��� → �LBL

�1� −
�0

2

�

�v
· v , �3.28�

so that

�D
* → �

d + 2

2d
+
�0

*

2
. �3.29�

In addition, the presence of the term proportional to ut in Eq.
�3.27� generates an extra term in the Chapman-Enskog
method such that �* /2 in the denominator of Eq. �3.25� is
replaced by �0

*. In summary, the self-diffusion coefficient
corresponding to the EHS model is �in the first Sonine ap-
proximation�

D =
T

m�0

1

d + 2

2d
� −

1

2
�0

*

. �3.30�

Identifying Eq. �3.30� with Eq. �3.25� �by setting a2
HC=0 in

the latter�, one gets

� =
1 + �

2
� �D. �3.31�

C. Comparison between the IHS and EHS transport
coefficients

We have just seen that the suitable choice for the param-
eter ���� under the criterion of optimizing the agreement
with the transport coefficients of IHS is not unique. Depend-
ing on the transport property of interest, it may be more
convenient �=��, �=��, �=�D, or even a different
choice. Focusing on these three possibilities, we note that
���D�� for d=2 and d=3. Moreover, ��1 for all � in

the case d=3, as shown in Fig. 2. This indicates that the
diameter of the equivalent EHS system is smaller than that of
the actual IHS system �����, this effect being more pro-
nounced with �=�� than with �=��.

Figure 3 compares the four transport coefficients of IHS
�d=3� �Eqs. �3.3�–�3.5� and �3.25�� with those of the
“equivalent” system of EHS �Eqs. �3.17�–�3.19� and �3.30��
with the choices �=�� �Eq. �3.20��, �=�� �Eq. �3.21��,
�=�D �Eq. �3.31��, and �=1. It can be observed that the
EHS shear viscosity combined with the choice �=�� repro-
duces almost perfectly the IHS shear viscosity. A similar situ-
ation occurs in the case of the self-diffusion coefficient with
the choice �=�D. This is because the influence of a2

HC�0 in
the cooling rate �* �Eq. �3.7�� and in the collision frequencies
��

* �Eq. �3.8�� and �D
* �Eq. �3.26�� is very small. On the other

hand, the deviations of the EHS coefficients � and � with
�=�� from the respective IHS coefficients are much more
important, essentially due to the explicit dependence on a2

HC

of the numerators on the right-hand sides of Eqs. �3.4� and
�3.5�, since the influence of a2

HC on ��
* is again rather weak.

A natural question that arises is whether there exists a
common choice for ���� that reproduces the � dependence
of the four transport coefficients reasonably well. Figure 3
shows that �=��, which is excellent in the case of �,
strongly overestimates �, �, and D. Moreover, �=�� is not
clearly superior to �D in the cases of � and �, whereas it is

FIG. 2. �Color online� Plot of �� �---�, �� �¯�, and �D �-·-·-� as
functions of the coefficient of restitution � in the three-dimensional
case.

FIG. 3. �Color online� Plot of the �reduced� shear viscosity
� / �nT /�0�, thermal conductivity � / �nT /m�0�, transport coefficient
� / �T2 /m�0�, and self-diffusion coefficient D / �T /m�0� for three-
dimensional IHS �—�, and the “equivalent” system of EHS with
�=�� �---�, �=�� �¯�, �=�D �-·-·-�, and �=1 �-··-··-� as functions
of the coefficient of restitution �. Note that in the top panel the IHS
curve and the EHS curve with �=�� are practically indistinguish-
able. The same happens in the bottom panel between the IHS curve
and the EHS curve with �=�D.
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poorer in reproducing � and D. Obviously, the naive choice
�=1 does not capture well the � dependence of the transport
coefficients, especially in the case of the shear viscosity.
Therefore, we propose to take �=�D= 1

2 �1+��. With this
choice, the frictional gas of EHS has practically the same
self-diffusion coefficient as the true IHS gas and similar val-
ues for the coefficients defining the heat flux. Although the
choice �= 1

2 �1+�� underestimates the shear viscosity, this is
not a serious drawback since this is the transport coefficient
least sensitive to inelasticity. For instance, the ratio between
the value of a transport coefficient at �=0.5 and the value at
�=1 is about 1.3 in the case of �, while it is about 1.9 and
1.8 in the cases of � and D, respectively. At that rather high
inelasticity ��=0.5�, the EHS transport coefficients with
�= 1

2 �1+�� differ from the IHS ones by 14% ���, 2% ���,
3% ���, and 0.5% �D�.

There are two additional reasons to favor Eq. �3.31�. First,
it is much simpler than Eqs. �3.20� and �3.21� and does not
depend on the dimensionality d. The second reason is more
compelling. The extension of the model �2.19� to dilute mix-
tures and to dense gases is carried out in Appendixes A and
B, respectively. In both cases the equation for the collisional
transfer of energy imposes the choice �3.31� as the most
natural one, without having to resort to the evaluation of
transport coefficients.

It is worth mentioning that the transport coefficients ob-
tained from frictional EHS with �= 1

2�0 and �= 1
2 �1+�� ex-

hibit a much better agreement with the IHS coefficients than
the ones corresponding to the inelastic Maxwell model �23�.
The relationship between the inelastic Maxwell model and
the �frictional� elastic Maxwell model is discussed in Appen-
dix C.

Before closing this section, a comment is in order. The
transport coefficients �, �, �, and D have been considered
here in the first Sonine approximation, both for IHS and
EHS, what has allowed us to work with explicit expressions.
Without prejudicing the degree of reliability of the first So-
nine approximation, it can be understood as a useful tool to
probe the structure of the linearized collision operator
through some relevant inner products �see the first equalities
of Eqs. �3.8�, �3.10�, and �3.26��. On the other hand, a com-
parison of the first Sonine approximation for the transport
coefficients with direct simulation data shows a good agree-
ment for � �26,27� and D �25,28�, but important discrepan-
cies for high inelasticity are present in the cases of � and �
�26,29�.

IV. KINETIC MODELING

A. BGK model

The �approximate� mapping IHS↔EHS allows one to
take advantage of the existence of simple models for EHS to
extend them straightforwardly to IHS. For instance, consider
the well-known Bhatnagar-Gross-Krook �BGK� model for
elastic hard spheres �11�:

J�1��f , f� → − �0�f − f0� , �4.1�

where f0 is the local equilibrium distribution �2.11� and the
effective collision frequency �0 is usually identified with Eq.

�2.14� in order to make the shear viscosity agree with that of
the Boltzmann equation. Thus, in consistency with the ap-
proximation �2.19�, the extension of the BGK model to in-
elastic hard spheres would simply be

J����f , f� → − ��0�f − f0� +
�0

2

�

�v
· �Vf� �4.2�

with �0 and � given by Eqs. �2.13� and �3.31�, respectively.
In fact, the kinetic model �4.2� can be seen as a simplification
of the one already proposed in Ref. �16�:

J����f , f� → − ��0�f − fHC� +
�

2

�

�v
· �Vf� , �4.3�

where here fHC represents the local form of the homoge-
neous cooling state, � is given by Eq. �3.7�, and � is assumed
to be given by Eq. �3.20�.

The linearized collision operator corresponding to the
BGK model �4.2� is simply

L��� → ��0 −
�0

2

�

�v
· V . �4.4�

As a consequence, the relation �3.15� holds again but one has
��

* →�+ 3
2�0

* instead of Eq. �3.16�. Therefore, the shear vis-
cosity is given by Eq. �3.17�, while the thermal conductivity
and the coefficient � are

� =
nT

m�0

d + 2

2

1

� −
1

2
�0

*

, �4.5�

� =
T2

m�0

d + 2

2

�0
*

��� −
1

2
�0

*� , �4.6�

which differ from Eqs. �3.18� and �3.19�, respectively, by a
factor �d−1� /d in front of �.

In the case of self-diffusion in the homogeneous cooling
state, the BGK kinetic equation for tagged particles is

��t + v · �−
�0

2

�

�v
· �v − ut�	 f t = − ��0� f t −

nt

n
f0� ,

�4.7�

so the Boltzmann-Lorentz operator becomes

LBL
��� → ��0 −

�0

2

�

�v
· v �4.8�

and one has �D
* →�+ 3

2�0
* instead of Eq. �3.29�. Thus,

D =
T

m�0

1

� −
1

2
�0

*

, �4.9�

which differs from Eq. �3.30�.
The inability of the BGK model to reproduce simulta-

neously the different transport coefficients is already present
in the elastic case and is the price to be paid by the inclusion
of a single collision frequency �0. In particular, the BGK
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model yields the value Pr=1 for the Prandtl number
Pr��d+2�� /2m� in the elastic limit, while the correct
Boltzmann value is �in the first Sonine approximation�
Pr= �d−1� /d.

B. Ellipsoidal statistical model

To avoid in part the above limitation, the so-called ellip-
soidal statistical �ES� model was proposed about forty years
ago for elastic particles �9,12�. This kinetic model reads

J�1��f , f� → − �0 Pr�f − fR� , �4.10�

where

fR�v� = n�mn

2

�d/2

�det R�−1/2 exp�−
mn

2
R−1:VV�

�4.11�

is an anisotropic Gaussian distribution with the tensor R
given by

R =
1

Pr
�pI − �1 − Pr�P� , �4.12�

P being the pressure tensor. The ES choice of fR is based on
information theory arguments. Note that the ES model re-
duces to the conventional BGK model in the special case
Pr=1. It is then convenient to consider Pr as a free parameter
of the model so that the BGK model is recovered by formally
setting Pr=1. The reference distribution fR has a finite norm
provided that R is a positive definite matrix, i.e., its
eigenvalues ri must be non-negative. From Eq. �4.12�,
ri=Pr−1�p− �1−Pr�pi�, where pi are the eigenvalues of the
pressure tensor P. Since �i=1

d pi=dp, then pi�dp and, conse-
quently, the positiveness of ri implies that Pr� �d−1� /d. The
lower bound coincides with the physical value of the Prandtl
number. The first few moments of fR are

� dv�1,V,mVV�fR�v� = �n,0,R� . �4.13�

While in the BGK equation �4.1� the reference function f0
�namely, the local equilibrium distribution� is a functional of
f through its hydrodynamic fields n, u, and T, in the ES
model fR depends also on the irreversible part of the momen-
tum flux.

When Eq. �4.10� is inserted into Eq. �2.19� we get our
extension of the ES kinetic model for IHS:

J����f , f� → − ��0 Pr�f − fR� +
�0

2

�

�v
· �Vf� . �4.14�

We note that the ES model �4.14� is different from the more
detailed Gaussian kinetic model recently proposed by Dufty
et al. �30�, the most important difference being that the col-
lision frequency becomes a function of the peculiar velocity
in the latter Gaussian model. The kinetic model �4.14� should
also be distinguished from the ansatz of an anisotropic
Gaussian �or maximum entropy� velocity distribution func-
tion introduced by Jenkins and Richman �31� as a means to
obtain a closed set of equations for the pressure tensor.

The linearized collision operator associated with Eq.
�4.14� is given by Eq. �3.13�, where now the action of the
linearized operator in the elastic case is �10�

L�1���v�

= �0�Pr ��v� +
1 − Pr

2pT
f0�V�D�V�:� dv�D�V����v��	 .

�4.15�

This implies that the shear viscosity is given by Eq. �3.17�,
while the thermal conductivity and the � coefficient are

� =
nT

m�0

d + 2

2

1

Pr � −
1

2
�0

*

, �4.16�

� =
T2

m�0

d + 2

2

�0
*

Pr ��Pr � −
1

2
�0

*� , �4.17�

respectively. Equations �4.16� and �4.17� coincide with Eqs.
�3.18� and �3.19� if one sets Pr= �d−1� /d. Of course, the
BGK results �4.5� and �4.6� are recovered by formally setting
Pr=1.

The natural version of the ES model to the self-diffusion
problem is

��t + v · �−
�0

2

�

�v
· �v − ut�	 f t = − ��0 Pr� f t −

nt

n
f0� .

�4.18�

Therefore,

D =
T

m�0

1

Pr � −
1

2
�0

*

, �4.19�

which differs from Eq. �3.30�, unless one allows the Prandtl
number to take the artificial value Pr= �d+2� /2d.

C. Solution of the BGK and ES models for uniform shear flow

As an illustration of the BGK and ES models extended to
IHS, let us analyze their solutions in the case of one of the
paradigmatic nonequilibrium states, namely, the uniform �or
simple� shear flow. In most of this subsection we will con-
sider the nonlinear ES model �4.14� with an arbitrary value
for Pr, so that Pr=1 corresponds to the BGK model and
Pr= �d−1� /d corresponds to the true ES model.

In the uniform shear flow, the density is constant, the
granular temperature is uniform, and the flow velocity has a
linear profile u=ayx̂, a being the constant shear rate. At a
more fundamental level, the velocity distribution function
becomes uniform when the velocities are referred to the co-
moving Lagrangian frame

f�r,v;t� = f�V,t�, V = v − ayx̂ . �4.20�

In that case, the ES model kinetic equation reads
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�t f − aVy
�

�Vx
f −

�0

2

�

�V
· �Vf� = − ��0 Pr�f − fR� .

�4.21�

Multiplying both sides by mViVj and integrating over veloc-
ity, we get

�tPij + a��ixPyj + � jxPiy� + �0Pij = − ��0�Pij − p�ij� ,

�4.22�

where on the right-hand side we have made use of Eqs.
�4.12� and �4.13�. The set of equations �4.22� is common to
the BGK and the ES models since the constant Pr does not
appear. The structure of Eq. �4.22� is also obtained from
other BGK-like models �32,33�, as well as from the Boltz-
mann equation in Grad’s approximation �34,35�. In this latter
case, however, the flexibility of accommodating the coeffi-
cient � disappears since by construction it is constrained to
�=��.

The three independent equations stemming from Eq.
�4.22� are

�tp + �0p +
2a

d
Pxy = 0, �4.23�

�tPxy + ���0 + �0�Pxy + aPyy = 0, �4.24�

�tPyy + ���0 + �0�Pyy − ��0p = 0. �4.25�

Their steady-state solution is

T =
T0

�0
2�T0�

2a2

d

�

�0
*�� + �0

*�2 , �4.26�

Pyy

nT
=

�

� + �0
* , �4.27�

Pxy

nT
= −
d

2


��0
*

� + �0
* , �4.28�

where in Eq. �4.26� T0 is an arbitrary reference temperature
and �0�T0� is its associated collision frequency. Except
Pxy = Pyx, the remaining off-diagonal elements of the pressure
tensor vanish. In addition, Pyy = Pzz= ¯ = Pdd, so that
Pxx=dp− �d−1�Pyy. Equation �4.26� can be rewritten as

a

�0�T�
=
d�0

*

2�
�� + �0

*� , �4.29�

which gives the shear rate in units of the steady-state colli-
sion frequency. The rheology of the uniform shear flow can
be conveniently characterized by a �dimensionless� non-
Newtonian viscosity coefficient

�* � −
Pxy

nT

�0�T�
a

=
�

�� + �0�2 , �4.30�

where use has been made of Eqs. �4.28� and �4.29�.
Figure 4 shows the nonlinear shear viscosity �4.30� as a

function of the coefficient of restitution � and of the reduced

shear rate a /�0�T� for d=3 and two choices of �: �=�� and
�=�D= 1

2 �1+��. Numerical data obtained from Monte Carlo
simulations of the Boltzmann equation for IHS �8,18� are
also shown. We observe that, except perhaps in the quasielas-
tic limit, the choice �=�D exhibits a better global agreement
than the choice �=��, even though the latter is tuned to
reproduce the Newtonian shear viscosity �see Fig. 3�. Since,
as said above, Eqs. �4.22�–�4.30� with �=�� are derived
from the original Boltzmann equation for IHS in Grad’s ap-
proximation, we remark that the BGK and ES kinetic models
with the choice �= 1

2 �1+�� are more accurate than Grad’s
approximation of the Boltzmann equation for this particular
state. This paradoxical result is partly due to the inherently
non-Newtonian character of the steady uniform shear flow
�35�. It is interesting to note that for large inelasticity the
kinetic models tend to underestimate the shear thinning ef-
fect of �* �see left panel of Fig. 4�. Since they tend to un-
derestimate the value of a /�0�T� as well �not shown�, it turns
out that the agreement in the plot �* versus a /�0�T� is fairly
good even for large values of the reduced shear rate �see
right panel of Fig. 4�.

A practical advantage of kinetic models is the possibility
of obtaining explicitly the velocity distribution function. The
stationary solution to the kinetic equation �4.21� can be ex-
pressed as

f�V� = ��0 Pr �−1fR�V� = ��0 Pr �
0

�

ds exp�− �s�fR�V� ,

�4.31�

where the operator � is

FIG. 4. �Color online� Steady-state non-Newtonian shear viscos-
ity for three-dimensional inelastic hard spheres under uniform shear
flow as a function of the coefficient of restitution � �left panel� and
of the reduced shear rate a /�0 �right panel�. The curves are the
common predictions of the BGK and ES kinetic models, Eqs. �4.29�
and �4.30�, with �=�� �dashed lines� and �=�D= �1+�� /2 �solid
lines�. The circles are simulation results �18�.
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� = ��0 Pr −
d

2
�0 − aVy

�

�Vx
−
�0

2
V ·

�

�V
. �4.32�

The operators Vy� /�Vx and V ·� /�V commute. Therefore,

f�V� = ��0 Pr �
0

�

ds exp�− ���0 Pr −
d

2
�0�s	

�fR�e�0s/2�V + asVyx̂�� , �4.33�

where we have taken into account the properties

exp�asVy
�

�Vx
���V� = ��V + asVyx̂� , �4.34�

exp� �0

2
sV ·

�

�V
���V� = ��e�0s/2V� . �4.35�

Since the pressure tensor, and hence the reference distri-
bution function fR, are entirely known, Eq. �4.33� gives the
explicit solution. From it one can compute any desired ve-
locity moment. Some of those moments are derived in Ap-
pendix D. Figure 5 shows �V4� / �V4�0 and �V6� / �V6�0, where
�V2k�0= �2T /m�k��k+d /2� /��d /2� is the local equilibrium
value, as given by the BGK �Pr=1� and ES �Pr= �d−1� /d��
kinetic models, as well as by Monte Carlo simulations of the
Boltzmann equation for IHS �18�. Even though the ES model
is more sophisticated than the BGK model, it gives much
poorer predictions for the fourth- and sixth-degree moments
than the BGK model. This situation is similar to that found in
the elastic case �36�. While this appears as a paradoxical
result, one must bear in mind that the real advantage of the

ES model over the BGK model occurs when the Prandtl
number plays a role, i.e., in states where momentum and
energy transfer coexist. Since in the steady uniform shear
flow no energy transport is present, there is no reason
a priori to expect the ES model to perform better than the
BGK model. On the other hand, in the steady Couette flow
�where a quasiparabolic temperature profile coexists with a
quasilinear velocity profile�, both models differ already at the
level of the non-Newtonian transport properties, the ES
model presenting in general a better agreement with simula-
tion results �10,37�. In what concerns the influence of �, we
observe in Fig. 5 that �=�D= �1+�� /2 is better for small or
moderate inelasticity, while �=�� tends to be better for large
inelasticity, an effect that contrasts with that of Fig. 4.

V. CONCLUDING REMARKS

When one aims at understanding the basic properties of
fluidized granular media, the prototypical model consists of a
system of inelastic hard spheres �IHS� with a constant coef-
ficient of restitution �. At a microscopic level of description,
kinetic theory has proven to be an efficient tool to unveil
some of the most intriguing features of IHS, such as the lack
of equilibrium Gibbsian states, high energy overpopulations,
clustering instabilities, Maxwell-demon effects, breakdown
of energy equipartition, heat fluxes induced by density gra-
dients, segregation in mixtures, phase transitions in velocity
space,… . The kinetic theory description is based on the
Boltzmann and Enskog equations for dilute and dense granu-
lar gases, respectively. Both of them assume the molecular
chaos hypothesis, according to which the velocities of two
particles that are about to collide are uncorrelated. Although
the degree of validity of this hypothesis is much more re-
stricted in inelastic collisions than in the case of elastic col-
lisions �38�, the Boltzmann and Enskog equations provide
useful insights into the peculiar behavior of granular fluids.

Mathematically speaking, the Boltzmann equation for
IHS is much more involved than for elastic hard spheres
�EHS�. As Eqs. �1.3� and �2.2� show, the coefficient of resti-
tution � appears inside the velocity integral of the Boltzmann
collision operator in a twofold way. First, it appears explic-
itly as a factor �−2 in front of the gain term as a consequence
of the properties dv�dv1�=�−1dvdv1 and g� · �̂=−�−1g · �̂.
Second, the coefficient of restitution appears through the pre-
collision velocities v� and v1� given by the collision rule
�1.3�. The primary consequence of �1 is the collisional
loss of energy, Eqs. �1.4� and �2.6�, which takes place at a
cooling rate � given by Eqs. �2.7� and �2.8�.

The point we have addressed in this paper is the proposal
of a model of granular gases based on the Boltzmann equa-
tion for elastic hard spheres �EHS�. In this way, the com-
plexities of inelastic collisions for granular kinetic theory are
represented by a simple twofold modification of the more
familiar kinetic theory for elastic collisions. Since elastic col-
lisions conserve energy, the fundamental ingredient of the
model is the introduction of some kind of external driving
that produces a macroscopic cooling effect similar to the one
due to inelasticity. While the choice of that driving is not
unique, the most intuitive possibility consists of assuming

FIG. 5. �Color online� Steady-state fourth- and sixth-degree mo-
ments, relative to their local equilibrium values, for three-
dimensional inelastic hard spheres under uniform shear flow as
functions of the coefficient of restitution �. The curves are the
predictions of the BGK and ES kinetic models with �=�� �dashed
lines� and �=�D= �1+�� /2 �solid lines�. The circles are simulation
results �18�.
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that the EHS gas is under the influence of a �fictitious� drag
force Fdrag=−m�V. In order to produce the same cooling
effect than in the true IHS gas, the friction constant must be
adjusted to be �= 1

2�. However, since in general � is a com-
plicated nonlinear functional of the one-particle velocity dis-
tribution function and we want to keep the frictional EHS
model as simple as possible, it is preferable to take �= 1

2�0,
where �0	nT1/2�1−�2� is the cooling rate in the local equi-
librium approximation. The second ingredient of the model
is subtler. The application of the drag force is not enough for
the EHS gas to mimic, at least quantitatively, some other
collisional properties of the IHS gas, apart from the cooling
effect. In our model we have assumed that the collisions in
the EHS gas are slowed down by a factor �1 with respect
to the IHS gas. In the dilute limit, this can be interpreted as
assuming that the diameter �� of EHS is smaller than the
diameter � of IHS, namely, �� /�=�1/�d−1�. Alternatively, one
can interpret � as a scaling factor in space and time. Com-
parison between the Navier-Stokes transport coefficients de-
rived from the Boltzmann equation �in the first Sonine ap-
proximation� both for IHS and frictional EHS suggests
�= 1

2 �1+��. Moreover, this choice is further supported by the
mapping IHS→EHS applied to dilute gas mixtures �see Ap-
pendix A� as well as to dense single gases �see Appendix B�.
In the latter case, due to the physical separation between two
colliding particles and the presence of the pair correlation
function in the Enskog collision operator, the interpretation
of � in terms of different sizes ���� or as a spatiotemporal
scaling factor is not literally correct. In that case, one must
understand � just as a correction factor modifying the colli-
sion rate of EHS relative to that of IHS.

It is obvious that an IHS gas and a gas made of frictional
EHS differ in many respects. For instance, the latter admits
Maxwellians as uniform solutions �with a time-dependent
temperature in the case of the homogeneous cooling state or
as a stationary one in the case of a white-noise forcing�,
while the IHS gas typically exhibits overpopulated high-
energy tails. However, even though those discrepancies
might be qualitatively relevant, they are not quantitatively
important in the domain of thermal speeds. In particular, all
but the two first distinctive features of granular gases listed
in the first paragraph of this section can be expected to ap-
pear in an EHS gas with a state-dependent friction constant
�	nT1/2.

When the gas is in anisotropic and/or inhomogeneous
states because of either a transient stage or an instability or
the application of boundary conditions, transfers of momen-
tum and/or energy are present, so the velocity distribution
function can deviate strongly from a �local� Maxwellian,
even for small and moderate velocities. It is in those situa-
tions where the frictional EHS gas may be expected to de-
scribe the main transport properties of the IHS gas. We have
tested this expectation by performing Monte Carlo simula-
tions of the Boltzmann equation under uniform shear flow
both for IHS and EHS �8,18�. The results show that for mod-
erate inelasticity �say �=0.9� one can hardly distinguish the
curves representing the transient profiles and the steady-state
velocity distribution functions corresponding to both sys-
tems. For larger inelasticity �say �=0.5� the EHS model still

captures almost entirely the nonequilibrium transport proper-
ties of the IHS gas.

While the Boltzmann and Enskog equations for the EHS
model are mathematically more tractable than those for the
true IHS system, their solutions remain a formidable task. In
the context of conventional fluids, those difficulties have
stimulated the proposal of kinetic models, the prototype of
which is the well-known BGK model kinetic equation �9,11�.
An interesting practical application of the relationship
IHS↔EHS is the possibility of extending those kinetic mod-
els to the case of granular gases in a straightforward way.
This has allowed us to recover simplified versions of models
previously proposed for dilute and dense single gases �16�.
In the case of inelastic mixtures, we are not aware of any
previous proposal of a kinetic model, despite the fact that
several kinetic models exist for elastic mixtures �10�. Our
method permits the construction of extended kinetic models
for inelastic mixtures, as will be worked out elsewhere �39�.
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APPENDIX A: MIXTURES

1. General properties

In the case of a multi-component granular gas, the inelas-
tic collision between a sphere of species i �mass mi and di-
ameter �i� and a sphere of species j �mass mj and diameter
� j� is characterized by a coefficient of restitution �ij =� ji.
The direct and restituting collision rules are given by

v� = v − � ji�1 + �ij��g · �̂��̂ ,

v1� = v1 + �ij�1 + �ij��g · �̂��̂ , �A1�

v� = v − � ji�1 + �ij
−1��g · �̂��̂ ,

v1� = v1 + �ij�1 + �ij
−1��g · �̂��̂ , �A2�

where

�ij �
mi

mi + mj
. �A3�

Equations �A1� and �A2� are generalizations of Eqs. �1.1�
and �1.3�, respectively. Again, the component of the postcol-
lisional relative velocity along �̂ is shrunk by a factor �ij,
i.e., g� · �̂=−�ijg · �̂, and the kinetic energy decreases by a
factor proportional to 1−�ij

2 , namely

miv�2 + mjv1�
2 − miv

2 − mjv1
2 = − �g · �̂�2�1 − �ij

2 �
mimj

mi + mj
.

�A4�
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From the velocity distribution function f i�v� of species i
one can define the number density

ni =� dvf i�v� , �A5�

the mass density �i=mini, and the average velocity

ui =
1

ni
� dvvf i�v� �A6�

of species i. The associated global quantities are the total
number density n=�ini, the total mass density �=�i�i, and
the �barycentric� flow velocity

u =
1

�
�

i

�iui. �A7�

The granular temperature T of the mixture is defined by

T =
1

n
�

i

niTi,
d

2
niTi =

mi

2
� dvV2f i�v� , �A8�

where V=v−u is the peculiar velocity. In Eq. �A8� Ti is the
partial granular temperature associated with species i. In
general, equipartition of energy does not hold, even in ho-
mogeneous states, so Ti�T �20�.

In the dilute limit, the distribution functions f i�v� obey a
set of coupled Boltzmann equations,

��t + v · ��f i = �
j

Jij
��ij��f i, f j� , �A9�

where the collision operator Jij
��ij��f i , f j� is given by

Jij
��ij��f i, f j� = �ij

d−1� dv1� d�̂��g · �̂��g · �̂�

� ��ij
−2f i�v��f j�v1�� − f i�v�f j�v1�� , �A10�

where �ij ���i+� j� /2. Every collision conserves the number
of particles of each species,

� dvJij
��ij��f i, f j� = 0. �A11�

Moreover, the total momentum is conserved as well, i.e.,

�
i,j

mi� dvvJij
��ij��f i, f j� = 0 . �A12�

However, the total energy is not conserved:

�
i,j

mi

2
� dvV2Jij

��ij��f i, f j� = −
d

2
nT� , �A13�

what defines the collision rate � of the mixture.
In general, given an arbitrary function ��v�, one can de-

fine its associated collision integral

Iij
��ij���� � � dv��v�Jij

��ij��f i, f j�

= �ij
d−1� dv� dv1� d�̂��g · �̂��g · �̂�

� f i�v�f j�v1����v�� − ��v�� , �A14�

where in the last step we have performed a standard change
of variables. Thus, Eqs. �A11�–�A13� can be rewritten as

Iij
��ij��1� = 0, �A15�

�
i,j

Iij
��ij��miv� = 0 , �A16�

� = −
1

dnT
�
i,j

Iij
��ij��miV

2� . �A17�

The collision integrals Iij
��ij��miv� and Iij

��ij��miV
2� cannot

be evaluated exactly for arbitrary distribution functions f i
and f j. This situation is analogous to the one taking place
with Eq. �2.8� in the single gas case. Again, a reasonable
estimate can be expected if the integrals are evaluated in the
�multi-temperature� Gaussian approximation

fi�v� → f i,0�v� = ni� mi

2
Ti
�d/2

exp�− miV
2/2Ti� ,

�A18�

where we have restricted ourselves to the case ui=u in order
to satisfy Eq. �A6�. When the approximation �A18� is in-
serted into Eq. �A14� one gets �40,41�

Iij
��ij��miv� → 0, �A19�

Iij
��ij��miV

2� → �d + 2�niTi�ij
1 + �ij

2

�� mi�Tj − Ti�
mjTi + miTj

−
1 − �ij

2
	 , �A20�

where

�ij =
4�d



�d + 2�
nj� ji

2�ij
d−1�2Ti

mi
�1/2�1 +

miTj

mjTi
�3/2

�A21�

is an effective collision frequency of a particle of species i
with particles of species j. In this Gaussian approximation,
the cooling rate defined by Eq. �A17� becomes �→�0 with

�0 =
d + 2

4dnT
�
i,j

niTi�ij�1 − �ij
2 � , �A22�

where we have made use of the property �iTi�ij =� jTj� ji. In
the case of a single gas, Eqs. �A21� and �A22� reduce to Eqs.
�2.14� and �2.13�, respectively.

2. Model of frictional elastic hard spheres

Once we have revised some of the basic properties of the
collision operator Jij

��ij��f i , f j� for an IHS mixture, we are in

SYSTEM OF ELASTIC HARD SPHERES WHICH MIMICS… PHYSICAL REVIEW E 72, 031308 �2005�

031308-13



conditions of proposing a minimal model for frictional EHS.
In agreement with the philosophy behind Eq. �2.19�, we
write

Jij
��ij��f i, f j� → �ijJij

�1��f i, f j� +
�ij

2

�

�v
· ��v − ui�f i� ,

�A23�

where �ij and �ij are to be determined by optimizing the
agreement between the relevant properties of the true opera-
tor Jij

��ij��f i , f j� and those of the right-hand side of Eq. �A23�.
For an arbitrary function ��v�, one has

Iij
��ij���� → �ijIij

�1���� −
�ij

2
� dv�v − ui� ·

���v�
�v

f i�v� .

�A24�

The above replacement satisfies Eq. �A15� identically. In ad-
dition, it is consistent with Eq. �A19� in the Gaussian ap-
proximation �A18�. So far, �ij and �ij remain arbitrary. Inser-
tion of the Gaussian approximation �A18� into Eq. �A24�
with ��v�=miV

2 yields

Iij
��ij��miV

2� → �ij�d + 2�niTi�ij
mi�Tj − Ti�
mjTi + miTj

− �ijdniTi,

�A25�

where again we have restricted ourselves to the case ui=u.
Comparison between Eqs. �A20� and �A25� suggests the
choices

�ij =
1 + �ij

2
, �A26�

�ij =
d + 2

4d
�ij�1 − �ij

2 � . �A27�

Of course, other combinations of �ij and �ij are in principle
possible, but Eqs. �A26� and �A27� represent the simplest
choice in the absence of mutual diffusion �i.e., with ui=u�. In
the more general case ui�u, the expression for �ij is more
complicated and will be reported elsewhere �39�.

Equation �A25� highlights that in general I��ij��miV
2��0

because of two reasons. First, if species i and j have different
mean kinetic energies �i.e., Ti�Tj�, then mutual collisions
tend to “equilibrate” both partial temperatures. This equipar-
tition effect, which is also present in the case of elastic col-
lisions, is represented by the term �ijI

�1��miV
2�. Moreover,

even if Ti=Tj, one has I��ij��miV
2��0 due to the inelasticity

of collisions, an effect that is accounted for by the term
−�ijdniTi. While the former term can be either positive
�TiTj� or negative �Ti�Tj�, the latter term is negative defi-
nite. Thus, �ij represents the cooling rate of species i due to
collisions with particles of species j. Since the relative de-
crease of energy after each i-j collision is proportional to
1−�ij

2 , it is quite natural that �ij	1−�ij
2 . As in the single gas

case, the parameter �ij measures the rate of i-j collisions of
EHS relative to that of IHS. It is rather reinforcing that the
choice �A26� is the natural extension of the choice �3.31� that
we adopted for a single gas. While in the latter case we had

to resort to the evaluation of the transport coefficients, the
choice �A26� arises in the case of mixtures simply from the
collisional energy transfer when Ti�Tj.

3. Brownian limit

Let us consider now the Brownian limit of a heavy impu-
rity particle �species 1� immersed in a bath of light particles
�species 2�. In that case, the Boltzmann-Lorentz operator for
inelastic collisions becomes the Fokker-Planck operator �16�

J12
��12��f1, f2� =

1 + �12

2
J12

�1��f1, f2� −
1

2
�12

T1

m1

�2

�v2 f1,

�A28�

where

J12
�1��f1, f2� = �12

�

�v
· �v +

T2

m1

�

�v
� f1. �A29�

In the above equations,

�12 =
2�d

d


n2�12

�d−1��m2/m1�1/2�2T2

m1
�1/2

�A30�

is the friction constant associated with elastic collisions and

�12 =
�12

2

T2

T1
�1 − �12

2 � �A31�

is the cooling rate of the Brownian particle due to inelastic
collisions with the bath particles. Equation �A28� is the exact
Fokker-Planck limit of the inelastic Boltzmann-Lorentz op-
erator. It is quite nice that Eq. �A28� supports the choice
�A26� as the collision rate factor. Moreover, Eq. �A31� for
�12 agrees with the limit m1�m2 of the proposal �A27�. On
the other hand, the exact Fokker–Planck equation �A28� dif-
fers from the one obtained from our model �A23�. More
specifically, the latter results from the replacement

−
�12

2

T1

m1

�2

�v2 f1 →
�12

2

�

�v
· ��v − u1�f1� . �A32�

While on the right-hand side of �A32� the role of mimicking
the collisional cooling experienced by the Brownian particle
is played by a deterministic frictional force, that role is
played by a stochastic force on the left-hand side. On the
other hand, both sides of �A32� agree in that they give van-
ishing contributions to the mass and momentum balance
equations and yield the same contribution to the energy bal-
ance equation if u1=u. In addition, they coincide in the
Gaussian approximation �A18�. Therefore, the model �A23�
can be expected to behave reasonably well even in the ex-
treme limit of a Brownian particle.

4. Kinetic modeling

As discussed in Sec. IV, the mapping �A23� allows one to
transfer any given kinetic model

Jij
�1��f i, f j� → Kij

�1� �A33�
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for elastic mixtures �10� into an equivalent model for inelas-
tic mixtures:

Jij
��ij��f i, f j� → Kij

��ij� = �ijKij
�1� +

�ij

2

�

�v
· ��v − ui�f i� .

�A34�

Thus, one can construct in a straightforward way the inelas-
tic versions of kinetic models such as Gross-Krook’s �42�,
Garzó-Santos-Brey’s �43�, or Andries-Aoki-Perthame’s �44�.
More details will be reported elsewhere �39�.

APPENDIX B: DENSE GRANULAR GASES

1. The Enskog equation for inelastic hard spheres

So far, we have restricted ourselves to low density granu-
lar gases for which the Boltzmann description seems appro-
priate. At higher densities the revised Enskog kinetic theory,
suitably generalized to inelastic collisions �14�, provides a
basis for analysis of granular flow. The Enskog kinetic equa-
tion reads

��t + v · ��f = JE
����f� , �B1�

where

JE
����f� = �d−1� dv1� d�̂��g · �̂��g · �̂�

���−2f2�r,r − �,v�,v1�� − f2�r,r + �,v,v1�� .

�B2�

In this equation, ����̂ and

f2�r,r ± �,v,v1� =  �r,r ± ��f�r,v�f�r ± �,v1� �B3�

is the precollisional two-body distribution function in the
molecular chaos approximation,  �r ,r±�� being the equilib-
rium pair correlation function at contact as a functional of
the density field. We use the notation JE

����f� rather than
JE

����f , f� to remind that the nonlinear functional dependence
of the Enskog collision operator on the velocity distribution
function f is higher than bilinear, due to the presence of the
correlation function  .

Taking velocity moments in �B1� one obtains again the
hydrodynamic balance equations �1.6�–�1.8�, where the num-
ber density, flow velocity, and granular temperature are de-
fined by Eqs. �2.3�–�2.5�, respectively. The pressure tensor
and the heat flux have both kinetic and collisional transfer
contributions, namely P=Pk+Pc, q=qk+qc. The kinetic
contributions Pk and qk are given by Eqs. �2.9� and �2.10�,
while the collisional transfer parts are �14�

Pc
����f� =

1 + �

4
m�d� dv� dv1� d�̂��g · �̂��g · �̂�2

� �̂�̂�
0

1

d�f2�r − �1 − ���,r + ��,v,v1� , �B4�

qc
����f� =

1 + �

4
m�d� dv� dv1� d�̂��g · �̂��g · �̂�2

� �G · �̂��̂�
0

1

d�f2�r − �1 − ���,r + ��,v,v1� ,

�B5�

where G��V+V1� /2= �v+v1� /2−u�r�. The superscript ���
on Pc

��� and qc
��� has been introduced to emphasize that both

quantities depend explicitly on the coefficient of restitution.
They also depend implicitly on � through their functional
dependence on the velocity distribution function f . With that
convention, we can write

Pc
����f� =

1 + �

2
Pc

�1��f�, qc
����f� =

1 + �

2
qc

�1��f� . �B6�

The cooling rate is found to be �14,16�

� = �1 − �2�
m�d−1

4dnT
� dv� dv1� d�̂��g · �̂��g · �̂�3

� f2�r,r + �,v,v1� . �B7�

The divergences of the collisional transfer parts are simply
related to moments of the collision operator �14�,

� · Pc
��� = − m� dVVJE

����f� , �B8�

� · qc
��� = −

m

2
� dVV2JE

����f� − Pc
���:�u −

d

2
n�T . �B9�

As in the dilute case, a reasonable estimate of the cooling
rate ��r , t� can be expected if the velocity distribution func-
tion is replaced by its local equilibrium approximation
�2.11�. The resulting cooling rate is

�0�r� = �1 − �2�
m�d−1

4
ddT�r� � dC� dC1e−C2−C1
2

�� d�̂��g · �̂��g · �̂�3 �r,r + ��n�r + �� ,

�B10�

where now g=
2T�r� /mC−
2T�r+�� /mC1+u�r�
−u�r+��. The local equilibrium cooling rate �0�r� depends
not only on the local values of the hydrodynamic fields at r
but also on their values on a spherical surface of radius �
around the point r. It also depends on the entire density field
through  �r ,r+��. If one further neglects those dependen-
cies, one gets the same result as in the dilute limit, Eqs.
�2.13� and �2.14�, except that the collision frequency �0 is
multiplied by  .

2. Model of frictional elastic hard spheres

The natural extension to the Enskog equation of the
model �2.19� is
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JE
����f� → �JE

�1��f� +
�0

2

�

�v
· �Vf� . �B11�

Insertion of �B11� into Eqs. �B8� and �B9� yields

� · Pc
��� → � � · Pc

�1�, �B12�

� · qc
��� + Pc

���:�u → ��� · qc
�1� + Pc

�1�:�u� , �B13�

where in Eq. �B13� we have approximated �→�0. Compari-
son with the exact results �B6� implies that �= �1+�� /2.
Again, this reinforces the choice �3.31� made in the dilute
case.

3. Kinetic modeling

A few years ago, Dufty et al. �45,46� proposed the follow-
ing BGK-like kinetic model for the elastic Enskog equation:

JE
�1��f� → − �0�f − f0� −

f0

nT
�V � :Pc

�1� + �mV2

dT
− 1�

��� · qc
�1� + Pc

�1�:�u� − A�1�:D�V� − B�1� · S�V�	 ,

�B14�

where

A�1� �
1

2T
� dvD�V�JE

�1��f0� , �B15�

B�1� �
2m

�d + 2�T2 � dvS�V�JE
�1��f0� . �B16�

In Eqs. �B14�–�B16�, D�V� and S�V� are given by Eqs. �3.9�
and �3.11�, respectively. Now, making use of Eq. �B11�, the
kinetic model �B14� is extended to inelastic collisions as

JE
����f� → −

1 + �

2
�0�f − f0� +

�0

2

�

�v
· �Vf� −

f0

nT

��V � :Pc
��� + �mV2

dT
− 1��� · qc

��� + Pc
���:�u�

− A���:D�V� − B��� · S�V�	 , �B17�

where A���= 1
2 �1+��A�1�, B���= 1

2 �1+��B�1�. The kinetic
model �B17� for the inelastic Enskog equation turns out to be
a simplified version of the model introduced in Ref. �16�.

APPENDIX C: INELASTIC MAXWELL MODELS

1. Transport coefficients

Now we return to a single dilute gas. In principle, the
same philosophy behind Eq. �2.19� can be applied to inelas-
tic Maxwell models �IMMs�. In that case, the collision op-
erator is �23,47�

J����f , f� =
�d + 2��0

2n�d
� dv1� d�̂��−1f�r,v��

�f�r,v1�� − f�r,v�f�r,v1�� . �C1�

This collision operator verifies again Eq. �2.6� but now the
cooling rate is exactly given by �=�0, Eq. �2.13�. The trans-
port coefficients associated with the stress tensor and the heat
flux have the structure of Eqs. �3.3�–�3.5�, except that now
the collision frequencies are �23�

��
* =

�1 + ���d + 1 − ��
2d

, �C2�

��
* =

1 + �

d
�d − 1

2
+

1

8
�d + 8��1 − ��	 , �C3�

and the kurtosis of the homogeneous cooling state is

a2
HC =

6�1 − ��2

4d − 7 + 3��2 − ��
. �C4�

Using the property �48�

� dvvJ����f t, fHC� = −
d + 2

2d
�0 jt �C5�

it is straightforward to prove that the self-diffusion coeffi-
cient is given by Eq. �3.25�, except that

�D
* =

d + 2

2d

1 + �

2
. �C6�

The Navier-Stokes transport coefficients characterizing an
IMM mixture have been recently derived �49�.

2. Model of frictional elastic Maxwell particles

In the case of frictional elastic Maxwell models �EMMs�,
one makes the replacement �2.19�. The corresponding trans-
port coefficients have the same forms as for EHS, so they are
given again by Eqs. �3.17�–�3.19� and �3.30�. In the same
spirit as before, if we want to optimize the agreement be-
tween the EMM and IMM transport coefficients, the three
possible choices for � are

�� = ��
* − �0

* =
�1 + ��2

4
, �C7�

�� =
d

d − 1
���* −

3

2
�0

*� =
�1 + ��2

4
, �C8�

�D =
2d

d + 2
�D

* =
1 + �

2
. �C9�

Interestingly, the shear viscosity and the thermal conductivity
routes give consistently the same expression for �, this ex-
pression being the square of the self-diffusion value. Since
a2

HC, which vanishes for EMM, does not appear either in the
shear viscosity or in the self-diffusion coefficient of IMM,
the EMM model reproduces exactly those coefficients if
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�=��= �1+��2 /4 and �=�D= �1+�� /2, respectively. How-
ever, even if �=��= �1+��2 /4, the transport coefficients �
and � for IMM differ from those for EMM due to the ex-
plicitly appearance of a2

HC in the former case.
As Fig. 6 shows, the choice �=�D= �1+�� /2 describes

the behavior of �, �, and � only at a rough qualitative level.
The alternative choice �=��=��= �1+��2 /4 strongly over-
estimates the diffusion coefficient and gives values for � and
� in reasonable agreement with the true IMM values only for
small or moderate inelasticity. Therefore, the Navier-Stokes
transport coefficients of IMM are very poorly described by
the EMM model with a unique expression for �, in contrast
to what happens in the case IHS↔EHS. This a consequence
of the fact that the influence of inelasticity is much stronger
in IMM than in IHS, as reflected on the kurtosis a2

HC and on
the transport coefficients �, �, �, and D �compare Figs. 3
and 6�. As a matter of fact, the coefficients � and � diverge
at �= �4−d� /3d for d=2 and d=3 �23�, thus indicating the
failure of a hydrodynamic description for IMM with
�� �4−d� /3d.

While, with the exception of the self-diffusion coefficient
�49�, the Navier-Stokes transport coefficients of IHS and
IMM differ significantly �23�, those of frictional EHS and
EMM agree each other �see Eqs. �3.17�–�3.19� and �3.30��,
provided the former are evaluated in the first Sonine approxi-
mation and the same value of � is used in both approaches.

As a matter of fact, hard spheres and Maxwell particles are
known to exhibit similar rheological properties in the elastic
case, even in states far from equilibrium �10�. This shows
that the EMM system with �= �1+�� /2 can be usefully ex-
ploited as a model of IHS rather than as a model of IMM,
namely,

JIHS
��� �f , f� →

1 + �

2
JEMM

�1� �f , f� +
�0

2

�

�v
· �Vf� . �C10�

Since the collision operator of EMM is mathematically more
tractable than that of EHS, the mapping IHS→EMM
can be considered as intermediate between the mappings
IHS→EHS and IHS→kinetic models.

APPENDIX D: VELOCITY MOMENTS IN THE UNIFORM
SHEAR FLOW

In this Appendix we derive some expressions for the ve-
locity moments predicted by the BGK and ES kinetic models
for uniform shear flow. Let us focus on the isotropic mo-
ments

�V2N� =
1

n
� dVV2Nf�V� . �D1�

Insertion of the steady-state solution �4.33� yields

�V2N� =
��0 Pr

n
�

0

�

ds exp�− ���0 Pr + N�0�s�

�� dVfR�V�A�s� · V2N, �D2�

where Aij�s�=�ij −as�ix� jy. To carry out the velocity integral,
we consider the diagonal representation of the matrix R−1,
namely,

S =
mn

2
U · R−1 · U−1, �D3�

where U is a unitary matrix whose expression will be omit-
ted here. The eigenvalues are

S1,2 =
m

2T

2 Pr�� + �0
*�

2�Pr � + �0
*� ± �1 − Pr��
d�0

*�2� + d�0
*� ! d�0�

,

�D4�

S3 =
m

2T

Pr�� + �0
*�

Pr � + �0
* , �D5�

where S3 is �d−2�-fold degenerate.
Using �D3�, the velocity integral in Eq. �D2� becomes

� dVfR�V�A�s� · V2N

= n
−d/2�det S�1/2� dWe−S:WWA�s� · U−1 · W2N,

�D6�

where we have made the change of variables

FIG. 6. �Color online� Plot of the �reduced� shear viscosity
� / �nT /�0�, thermal conductivity � / �nT /m�0�, transport coefficient
� / �T2 /m�0�, and self-diffusion coefficient D / �T /m�0� for three-
dimensional IMM �—� and the “equivalent” system of EMM with
�=��=�� �---�, �=�D �-·-·-�, and �=1 �-··-··-� as functions of the
coefficient of restitution �. Note that in the top panel the IHS curve
and the EHS curve with �=��=�� are identical. The same happens
in the bottom panel between the IHS curve and the EHS curve with
�=�D.
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V → W = U · V . �D7�

It is convenient to decompose the vector W as

W = Wxx̂ + Wyŷ + W�, �D8�

so that

A�s� · U−1 · W2

= W�
2 + Bxx�s�Wx

2 + 2Bxy�s�WxWy + Byy�s�Wy
2,

�D9�

where

Bxx�s� = 1 +
1

2
a2s2 − as


2� + as
d�0
*/2


2� + d�0
*

, �D10�

Byy�s� = 1 +
1

2
a2s2 + as


2� − as
d�0
*/2


2� + d�0
*

, �D11�

Bxy�s� = as
as
�/2 + 
d�0

*


2� + d�0
*

. �D12�

Therefore,

� dVfR�V�A�s� · V2N

= n
−d/2�det S�1/2�d−2�
−�

�

dWxe
−S1Wx

2

��
−�

�

dWye
−S2Wy

2�
0

�

dW�W�
d−3e−S3W�

2

��W�
2 + Bxx�s�Wx

2 + 2Bxy�s�WxWy + Byy�s�Wy
2�N.

�D13�

For any given value of N, the integrals over Wx, Wy, and W�

in Eq. �D13�, as well as the integral over s in Eq. �D2�, can
be evaluated analytically. In particular,

�V4� =
dT2

m2 Pr ��� + �0
*�2�Pr � + 2�0

*�5 ��2 + d�Pr6 �8 + 2 Pr4�1 + 5�2 + d�Pr + �3 + d�Pr2��7�0
* + Pr2�6d + 4�2 + d�Pr

+ 6�13 + 7d�Pr2 + 20�3 + d�Pr3 + 3d Pr4��6�0
*2 + 2 Pr�3d + 4�1 + 4d�Pr + 2�34 + 25d�Pr2 + 40�3 + d�Pr3 + 15d Pr4��5�0

*3

+ 2�3d + 13d Pr + 5�8 + 15d�Pr2 + 80�3 + d�Pr3 + 60d Pr4��4�0
*4 + 2�14d − �16 − 41d�Pr + 2�122 + 39d�Pr2

+ 120d Pr3��3�0
*5 + 2�− 16 + 28d + �112 + 15d�Pr + 120d Pr2��2�0

*6 + 4�8 + d�5 + 24 Pr����0
*7 + 18d�0

*8� , �D14�

where use has been made of Eq. �4.29�.
Nonisotropic velocity moments can be obtained in a

similar way, although they are more complicated than the
isotropic ones. In the case of the BGK model �Pr=1�, one
has

�Vx
l Vy

2k−lV�
2k�� =

��0

n
� ds exp�− ���0 + �k + k���0�s�

�� dV�Vx − asVy�lVy
2k−lV�

2k�f0�V� .

�D15�

After expanding �Vx−asVy�l and carrying out the integrations
over V and s, one finally gets

�Vx
l Vy

2k−lV�
2k�� = �− 1�l�2T

m
�k+k� �d−2

2
d/2��d

2
+ k� − 1�

���
q=0

�l/2�
l!

�2q�!
��q +

1

2
���k − q +

1

2
�

� �d�0
*�� + �0

*�2

2�
	l/2−q

�� + �k + k���0
*�−�l−2q+1�.

�D16�
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