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Large Mpemba-like effect in a gas of inelastic rough hard spheres
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We report the emergence of a giant Mpemba effect in the uniformly heated gas of inelastic rough hard spheres:
The initially hotter sample may cool sooner than the colder one, even when the initial temperatures differ by more
than one order of magnitude. In order to understand this behavior, it suffices to consider the simplest Maxwellian
approximation for the velocity distribution in a kinetic approach. The largeness of the effect stems from the fact
that the rotational and translational temperatures, which obey two coupled evolution equations, are comparable.
Our theoretical predictions agree very well with molecular dynamics and direct simulation Monte Carlo data.
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Let us consider two beakers of water at different tempera-
tures. Mpemba and Osborne showed that the initially hotter
sample cools sooner under certain conditions [1], i.e., the
curve giving the time evolution of its temperature crosses that
of the initially cooler sample and stays below it for longer
times. This is called the Mpemba memory effect, which is
known since antiquity in cultures for which water in the form
of ice and snow is common [2]. Later, the Mpemba effect
has been clearly identified in different physical systems [3–7],
although there is still some debate about its existence in water
[8].

From a physical point of view, one would like to answer
how different the initial preparation of two samples of the
system under study must be so that the Mpemba effect arises.
This is the main—currently unresolved in general—question,
although there has been some recent progress in this respect
[5,6]. Lu and Raz [5] analyzed the Mpemba effect in a generic
Markovian system by monitoring the relaxation of an entropy-
like variable that measures the distance to the steady state.
This makes it possible to define and investigate Mpemba-like
effects in systems for which there is not an obvious definition
of a nonequilibrium temperature, but makes the comparison
with the usual experimental setup described above difficult.

A different approach was carried out by some of us in the
study of the Mpemba effect for a granular fluid of smooth hard
spheres [6]. Therein, the granular temperature—basically the
average kinetic energy per particle—is the physical quantity
monitored to investigate the Mpemba effect. In the smooth-
sphere case, the angular velocities play no role since there is
no energy transfer between the translational and the rotational
degrees of freedom, and the kinetic energy is thus purely
translational. We showed that the Mpemba effect stems from
the coupling of the granular temperature and the kurtosis,
which measures the deviation of the velocity distribution
function from the Maxwellian shape at the lowest order. More
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specifically, it is the difference between the initial values of
the kurtosis of the two samples that controls the appearance
of the Mpemba effect.

In the granular fluid of smooth hard spheres, the kurtosis is
typically small. On the one hand, this facilitates the theoretical
analysis, because it makes it possible to linearize the evolution
equations and thus give a quantitative prediction of how
different the initial kurtoses must be to enable the Mpemba
effect. On the other hand, the smallness of the kurtosis limits
the magnitude of the Mpemba effect: The initial temperatures
must be quite close; see Eq. (5) and Fig. 1(b) of Ref. [6].

It has very recently been shown that a different memory
effect, the Kovacs effect [9–13], is much larger and more
complex in a granular gas of rough spheres [14] than in
the smooth-sphere case [15,16]. What makes it possible to
understand the largeness of the Kovacs effect is the coupling
between the translational and rotational temperatures, which
are of the same order of magnitude. In addition, the basic
features of the memory effect can be understood within the
Maxwellian (Gaussian) approximation, without having to re-
sort to higher order cumulants.

The above picture prompts us to look into the Mpemba ef-
fect in a fluid of rough inelastic hard spheres. Remarkably, we
show in the following that the Mpemba effect can be explained
within a Gaussian framework, both qualitatively and quanti-
tatively. Physically speaking, the coupling between the rota-
tional and translational degrees of freedom and thus the ex-
istence of two comparable but different temperatures suffices
to explain the memory effect. Moreover, we give a picture of
the underlying physical conditions and discuss the possible
relevance of the two-temperature mechanism in other systems.

Therefore, let us consider a dilute gas of inelastic rough
hard spheres, with mass m, diameter σ , and moment of
inertia I . Henceforth, we employ the dimensionless moment
of inertia κ ≡ 4I/mσ 2, and its specific value for uniform
solid spheres (κ = 2

5 ) whenever a definite value is needed.
Translational and angular particle velocities are denoted as v
and ω, respectively.
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Collisions between macroscopic particles are inelastic, i.e.,
energy is not conserved [17]. For the inelastic rough hard
sphere model, a binary collision is characterized by two pa-
rameters: the coefficient of normal restitution 0 � α � 1 and
the coefficient of tangential restitution −1 � β � 1 [18–20].
They are intrinsic properties of the material and determine
the shrinking of the normal and tangential components of the
relative velocity of the two surface points at contact [21]. The
collisional model based on these two parameters is sufficiently
accurate in a variety of materials [17], with most of them
presenting experimental values in the intervals α ∈ (0.7, 0.95)
and β ∈ (−0.5, 0.5) [22]. Consistently, the analysis carried
out in this paper focuses on this region of the (α, β ) plane.

Additionally, energy is homogeneously injected to the
translational degrees of freedom of all the grains by a stochas-
tic thermostat F modeled as a Gaussian white noise, i.e.,
〈Fi(t )〉 = 0, 〈Fi(t )F j (t ′)〉 = Im2χ2

0 δi jδ(t − t ′), where i, j re-
fer to the particles’ indexes, I is the 3 × 3 unit matrix, and χ2

0
gives the “strength” of the stochastic forcing [23–28].

Here, we provide the minimal theoretical framework
needed for the understanding of the Mpemba effect in the
granular gas (see Refs. [29–31] for a detailed account of the
kinetic theory calculations). The dynamics of our system is
governed by the inelastic Boltzmann-Fokker-Planck equation
for the single-particle velocity distribution function f (v,ω, t )
[27]. From the kinetic equation, the evolution equations for
the average quantities of interest are derived [29,30].

We restrict ourselves to homogeneous and isotropic states,
for which 〈v〉 = 0 and 〈ω〉 = 0. The basic physical informa-
tion is thus encoded in the translational and rotational granular
temperatures Tt = m

3 〈v2〉 and Tr = I
3 〈ω2〉. Alternatively, the

same information is provided by the temperature ratio θ and
the total temperature T ,

θ (t ) = Tr (t )

Tt (t )
, T (t ) = Tt (t ) + Tr (t )

2
. (1)

The granular gas is inherently a nonequilibrium sys-
tem and, therefore, equipartition is broken, i.e., θ �= 1.
Thus, the simplest description of the rough-sphere gran-
ular gas is provided by the Maxwellian approximation,
in which the following bivariate Gaussian form is as-
sumed for the velocity distribution function, f (v,ω, t ) �
n[mI/4π2Tt (t )Tr (t )]

3
2 exp [− mv2

2Tt (t ) − Iω2

2Tr (t ) ], where n is the
number density.

In the long-time limit, the granular gas reaches a steady
state due to the action of the stochastic force. This steady state
is completely characterized by θ st and T st in the Maxwellian
approximation. Their expressions in terms of the coefficients
of restitution and the stochastic forcing intensity are [30]

θ st = 1 + β

2 + κ−1(1 − β )
, T st = 1 + θ st

2

(
3m3/2χ2

0

4
√

πnσ 2γ st

)2/3

,

(2a)

γ st ≡ 1 − α2 + 2(1 − β2)

2 + κ−1(1 − β )
. (2b)

Note that θ st � 1 is independent of α in the Maxwellian
approximation but higher order approximations introduce a—
rather weak—dependence on α [30].

It is useful to introduce dimensionless variables for tem-
perature and time. Then, we define T ∗ ≡ T/T st and t∗ ≡
2nσ 2

√
πT st

t /mt . In the Maxwellian approximation, T ∗ and θ

evolve according to [31]

∂t∗ ln T ∗ = (T ∗, θ ), ∂t∗ ln θ = �(T ∗, θ ), (3)

with the definitions

(T ∗, θ ) = 1(T ∗) + 2(T ∗, θ ) + 3(T ∗, θ ), (4a)

�(T ∗, θ ) = −(1 + θ )

[
(T ∗, θ ) − 3(T ∗, θ )

θ (1 − θ st )

]
. (4b)

Above, we have introduced the notation

1 ≡ 2

3

γ st

T ∗(1 + θ st )
, 2 ≡ −2

3

√
T ∗(1 + θ st )

(1 + θ )3 γ st, (5a)

3 ≡ 2

3
K

√
T ∗(1 + θ st )

(1 + θ )3

(
1 − θ

θ st

)
(1 − θ st ), (5b)

with K ≡ κ (1 + β )2/(1 + κ )2 [32]. Note that the time evolu-
tion of the temperature is governed by the function , which
does not only depend on T ∗; this is a necessary condition for
the appearance of the Mpemba effect.

Imagine two initial states (T ∗
0A, θ0A) and (T ∗

0B, θ0B), with
T ∗

0A > T ∗
0B > 1, of the same granular gas, i.e., with the same

values of the coefficients of restitution α and β. Let us denote
by T ∗

A (t∗) and T ∗
B (t∗) the associated decays of the temperature

to the steady state: A Mpemba-like effect is brought about
when there exists a crossing time t∗

× such that T ∗
A (t∗) < T ∗

B (t∗)
for t∗ > t∗

×.
A necessary—and physically intuitive—condition for hav-

ing the Mpemba effect is that the initially hotter sample cools
faster than the cooler one for short times, when the system
still keeps “memory” of its initial conditions and is in the first
stage of the so-called kinetic regime. For short enough times,
we can consider that the system is exponentially cooling with
a characteristic rate roughly equal to the initial value of −

[33] and then a necessary condition for the Mpemba effect to
be present is

(T ∗
0A, θ0A) < (T ∗

0B, θ0B). (6)

Let us investigate the behavior of (T ∗, θ ) as a function
of θ , for fixed T ∗, to understand under which conditions the
Mpemba effect is expected. There are three distinct terms in
: (i) the first one, 1(T ∗), is a heating term that stems from
the stochastic forcing and is thus independent of θ , (ii) the
second one, 2(T ∗, θ ), is the typical cooling term of granular
gases, which is also present for smooth spheres [34], and
(iii) the third one, 3(T ∗, θ ), is a purely roughness term (note
that K = 0 for β = −1) and heats (cools) the system when
θ < θ st (θ > θ st). The sign and magnitude of (T ∗, θ ) results
from the competition among those three terms.

In light of the above, we analyze the behavior of 2 and
3 as a function of θ , for fixed T ∗. While the cooling term
2 is a monotonically increasing function of θ [35], the
roughness term 3 shows a more complex behavior. Starting
from θ = 0+, 3 first decreases with increasing θ , vanishes at
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FIG. 1. Density plots of (T ∗, θ ) as defined by Eq. (4a). Two
representative examples of the coefficient of restitution, (a) α = 1
and (b) α = 0.9, are considered, for β = 0. The contour lines (solid
for negative , dashed for positive ) are separated by an amount
� = 0.05. The thick solid line is the locus (T ∗, θ ) = 0 and the
circle marks the steady-state point (T ∗, θ ) = (1, θ st ).

θ = θ st, reaches a (negative) minimum value at θ = 2 + 3θ st,
and finally tends to zero from below in the limit θ → ∞.

The overall behavior of 2 + 3 as a function of θ depends
on the values of the coefficients of restitution (α, β ). Both
2 and 3 grow with increasing θ beyond the minimum of
3, i.e., for θ > 2 + 3θ st. On the other hand, as α approaches
unity, the decay of 3 for small θ dominates over the growth
of 2, resulting in a nonmonotonic dependence of  on θ .
This is illustrated in Fig. 1(a), which puts forward a density
plot of  as a function of (T ∗, θ ) for uniform solid spheres
in the limiting case (α = 1, β = 0). A nonmonotonic behav-
ior is neatly observed, especially to the right of the locus
(T ∗, θ ) = 0, i.e., where  < 0 and the system cools. As α

is decreased, the magnitude of the cooling term 2 increases,
eventually becoming the dominant one for small θ if 1 − α is
large enough. Therein, a monotonically increasing behavior is
observed, as illustrated in Fig. 1(b) for (α = 0.9, β = 0).

To carry out a more quantitative analysis, we impose that
∂(T ∗, θ )/∂θ |̃θ = 0, which leads to

θ̃ (α, β ) = 2 − 3κ − 3(1 + κ )
1 − α2

1 − β2
, (7)

and study the sign of θ̃ [36]. If θ̃ � 0, there is no physically
meaningful minimum and  is a monotonically increasing
function of θ . If θ̃ > 0,  displays a minimum at θ = θ̃ . Equa-
tion (7) implies that θ̃ > 0 if α is sufficiently close to unity and
|β| is sufficiently small. This is consistent with the qualitative
discussion above, and it is illustrated in Fig. 2. Therein, the
locus θ̃ = 0 separates the regions inside which  is monotonic
(below it) and nonmonotonic (above it). On the one hand,
θ̃ � 0 for all β when α � αc = √

(1 + 6κ )/3(1 + κ ), which
gives αc = √

17/21 � 0.9 for uniform solid spheres. On the
other hand, θ̃ > 0 for α > αc only if β2 < 1 − 3(1 − α2)(1 +
κ )/(2 − 3κ ) [37].

For the sake of conciseness, we restrict ourselves to the
simpler monotonic situation α � αc in the remainder of the
paper. Let us look again at Fig. 1(b), in which the limiting—
less favorable—case (α = αc, β = 0) is shown. As already
stated before, we consider two points, A ≡ (T ∗

0A, θ0A) and B ≡
(T ∗

0B, θ0B) with T ∗
0A > T ∗

0B, corresponding to different initial

FIG. 2. Locus θ̃ (α, β ) = 0 in the (β, α) plane. We have a non-
monotonic behavior of (T ∗, θ ) vs θ with a minimum at θ̃ > 0
above the curve, where θ̃ is given by Eq. (7), whereas (T ∗, θ ) has
a monotonically increasing behavior below the curve. Here, κ = 2

5
(uniform solid spheres).

conditions, to study the Mpemba effect. Since  is monotonic,
it suffices to take θ0A < θ0B (i.e., the initially hotter system
has its kinetic energy more concentrated in the translational
modes than the initially cooler one) to fulfill Eq. (6). Equation
(6), however, is not a sufficient condition for the Mpemba
effect to appear: The disparity between (T ∗

0A, θ0A) and
(T ∗

0B, θ0B) must be large enough, because the relaxation is
not purely exponential. This entails that the disparity between
θ0A and θ0B must be also large enough. This is illustrated in
Fig. 3(a), where we analyze the emergence of the Mpemba
effect for several pairs of the initial temperatures (T ∗

0A, T ∗
0B).

For each one of these pairs, the lines in the (θ0B, θ0A) plane
delimiting the regions with and without the Mpemba effect
are plotted.

For the emergence of the Mpemba effect, the most favor-
able situation is having the kinetic energy completely concen-
trated in (i) the translational degrees of freedom for the higher

FIG. 3. Phase diagrams of the Mpemba effect for α = 0.9 and
β = 0. In panel (a), we consider the (θ0B, θ0A) plane: The Mpemba
effect is present (absent) for points below (above) the plotted
lines, which correspond to several choices of the initial conditions;
specifically, (i) (T ∗

0A, T ∗
0B ) = (5, 4), (ii) (T ∗

0A, T ∗
0B ) = (4, 3), and (iii)

(T ∗
0A, T ∗

0B ) = (5, 3). Note the different scales in both axes. In panel
(b), we plot the line in the (T ∗

0B, T ∗
0A/T ∗

0B ) plane below which the
Mpemba effect may appear, provided that the kinetic energy of the
initially hotter (colder) sample is concentrated in the translational
(rotational) degrees of freedom to a sufficient extent.
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FIG. 4. Mpemba effect in the granular gas of rough hard spheres. The relaxation of the scaled temperature T ∗ to its steady-state value is
shown for different values of the coefficients of restitution α and β. The MD data (open circles) and, especially, the DSMC data (triangles) are
in very good agreement with the theoretical values (lines). Dashed blue, solid green (light gray), and solid red lines refer to initial states given
by (T ∗

0A, θ0A) = (5, 0.01), (T ∗
0B, θ0B ) = (4, 10), and (T ∗

0C, θ0C ) = (3, 100), respectively. The Mpemba effect is neatly observed, with the initially
hottest system being the first one to reach the steady state.

temperature T ∗
0A, i.e., θ0A = 0, and (ii) the rotational degrees

of freedom for the lower temperature T ∗
0B, i.e., θ0B → ∞.

This limiting case is considered in Fig. 3(b). The range of
initial temperature ratios T ∗

0A/T ∗
0B leading to the emergence of

the Mpemba effect increases (almost exponentially) with the
colder initial temperature T ∗

0B. For instance, if T ∗
0B = 15.3, T ∗

0A
can be 100 times larger than T ∗

0B and still the Mpemba effect is
observed. In all the cases plotted in Fig. 3, we have considered
that the Mpemba effect is present when the crossing time
t∗
×—if it ever exists—is smaller than 10 [38].

To check the accuracy of our theoretical predictions, we
have carried out molecular dynamics (MD) and direct Monte
Carlo (DSMC) simulations [31]. Different systems are con-
sidered by varying the values of α and β. For each particular
pair (α, β ), the system is initialized at three points A, B,
and C with (T ∗

0A, θ0A) = (5, 0.01), (T ∗
0B, θ0B) = (4, 10), and

(T ∗
0C, θ0C ) = (3, 100), respectively. According to our theoret-

ical framework, the Mpemba effect is expected to emerge in
the cases (A, B) and (A,C), but not in the case (B,C).

Figure 4 shows the time evolution of the granular temper-
ature. The curves correspond to α = 0.7 and 0.9, and β =
−0.5, 0, and 0.5, but the qualitative picture explained below
remains unaltered for other choices, as long as α � αc �
0.9. The Mpemba effect is clearly observed as the initially
hottest sample (A) is the fastest one to reach the steady state.
Moreover, in all the cases, the three plotted curves—the MD
data (circles), the DSMC data (triangles), and the Maxwellian
theory (line)—present a remarkably excellent agreement.

Qualitatively, the strength of the Mpemba effect—the
separation between the two relaxation curves for times
longer than t∗

×—increases as α decreases at fixed β (higher
inelasticity) and as β goes to smaller values at fixed α (lower
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roughness). Thus, quantitatively, we can measure the magni-
tude of the Mpemba effect by defining a Mpemba parameter
MpAB as the extremum of the difference of dimensionless
temperatures T ∗

B (t ) − T ∗
A (t ) for t∗ > t∗

×. The values of MpAB
and MpAC obtained from the solution of Eq. (3) are shown in
each one of the panels of Fig. 4 and are consistent with the
qualitative behavior described above. For fixed roughness β,
the more inelastic the system is, the larger Mp becomes. For
fixed inelasticity α, the smoother the system is, the larger Mp
becomes. Note that the values of Mp are typically of the order
of unity for our system of rough spheres. In the smooth-sphere
case, however, Mp is much smaller, being typically of the
order of a few thousandths for the cases reported in Ref. [6].
While for smooth spheres the influence of the kurtosis
on the evolution of T ∗ is very weak, a strong impact of the
rotational-translational partition is present in the case of rough
spheres.

We have neatly observed the Mpemba effect in the gas of
inelastic rough hard spheres. It stems from the coupling in
the evolution of the rotational and translational temperatures,
which are, in general, of the same order, θ = O(1). For low
enough α, i.e., large enough inelasticity, we have shown
that the more concentrated in the translational degrees of
freedom the total kinetic energy is, the faster the system cools.
Therefore, the initially hotter system must have its kinetic
energy more concentrated in the translational modes than the
initially cooler one to facilitate the Mpemba effect. Moreover,
we have quantified how large this concentration must be. In
the rough-sphere case, the initial temperatures of the two
samples can be quite different and definitely do not need to be
close to each other, as happens in the smooth-sphere granular
gas.

The strength of the effect has been quantified by the
Mpemba parameter Mp defined as the maximum separation—
relative to the stationary temperature—between the relaxation
curves after the crossing. The Mpemba effect in the rough-
sphere granular gas is really huge, with typical order of unity
values of Mp. This has to be contrasted with the Mpemba
effect in the smooth-sphere case that, although distinctly
observed in Ref. [6], is quite small (Mp ∼ 10−3).

Also, it is worth emphasizing that the Mpemba effect can
be explained with a minimal Gaussian approximation for the
distribution function. The largeness of the effect shows that
the system is sweeping far-from-equilibrium states but, inter-
estingly, these states can be described by a sort of “local equi-
librium” approximation but with two distinct temperatures.
This is at difference with the hydrodynamic regime, in which
the rotational temperature becomes enslaved to the total one
for long enough times, i.e., θ becomes time independent over
the hydrodynamic scale and T is the relevant hydrodynamic
field.

In the rough-sphere case, the corrections introduced by the
cumulants are expected to remain small [39]. This expectation
is supported by the exceptionally good agreement found in
Fig. 4 between the Maxwellian analytical predictions and the
DSMC data—which give the numerical integration of the
kinetic equation. In addition, the agreement of our theory with
MD simulations tells us that our kinetic description holds for
the low-density gas.

The results in the present work suggest that the two-
temperature mechanism found here may be significant for ob-
servation of a huge—and thus experimentally measurable—
Mpemba effect in a variety of systems with several distinct
temperatures, such as structural glasses [40,41], metals under-
going plastic deformation [42], and granular mixtures [43].
This is enough to bring to the fore the Mpemba effect, which
may even be enhanced if other variables like higher order
cumulants are also relevant.
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