
Workshop on Algebra and Geometry, Badajoz, 2013.

Existence of non-isotropic conjugate points on
rank one normal homogeneous spaces

Antonio M. Naveira.

University of Valencia and Real Academia de Ciencias, Spain

The Jacobi equation for geodesics on a symmetric space has simple solutions
and one can directly show that every Jacobi field vanishing at two points is
the restriction of a Killing vector field along the geodesic. A Jacobi field V
on a Riemannian manifold (M, g) which is the restriction of a Killing vector
field along a geodesic is called isotropic. For (M, g) homogeneous Riemannian
manifold, it means that V is the restriction of an infinitesimal motion of elements
in the Lie algebra of the isometry group I(M, g) of (M, g). Moreover, if V
vanishes at a point o of the geodesic then it is obtained as restriction of an
infinitesimal K-motion, K being the isotropy subgroup of I(M, g) at o ∈ M .
This particular situation was what originally motivated the term ”isotropic”.
Two points p, q ∈ M are said to be isotropically conjugate if there exists a non-
zero isotropic Jacobi field V along a geodesic passing through p and q such that
V vanishes at these points.

When every Jacobi field vanishing at p and q is isotropic, we say that they
are strictly isotropic conjugate points. Then any pair of conjugate points in a
Riemannian symmetric space are strictly isotropic. In the case of a naturally
reductive space, the Levi-Civita connection and the adapted.

canonical connection have the same geodesics and the Jacobi equation can be
also written as a differential equation with constant coefficients. Using this fact,
Chavel proved that the Berger spaces B7 and B13 admit conjugate points at
which no isotropic Jacobi field vanishes. Such spaces are normal homogeneous
of rank one, or equivalently, they have positive sectional curvature, Moreover,
after studding conjugate points on Berger spheres, he proposed the following
conjecture:

If every pair of conjugate points of a simply connected normal homogeneous
Riemannian manifold G/K of rank one are isotropic, then G/K is isometric to
a Riemannian symmetric space of rank one.

For the class of naturally reductive spaces, not necessarily of rank one, Ziller
proposed to examine weaker conjectures like a naturally reductive space with
the property that all its pairs of conjugate points are strictly isotropic must be
locally symmetric. A positive answer for n ≤ 5 is known. Also for naturally
reductive compact 3-symmetric spaces.

In this paper, our main purpose is to prove the Chavel conjecture. For it we
study the existence of conjugate points which are not isotropic or not strictly
isotropic along any geodesic on non-symmetric normal homogeneous spaces.

We will also expound some remarks about the history of this paper.
Joint work with C. González-Dávila (U. La Laguna).


