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The objective of the different geometric evolution equations is to improve a
given metric by considering a flow associated to the geometric object under
consideration. There are however metrics which, instead of evolving by the
flow, remain invariant. This is the case of the solitons associated to self-similar
solutions of the flow.

The Yamabe flow was introduced by R. Hamilton. It deforms a given man-
ifold by evolving its metric according to ∂

∂tg(t) = −τ(t)g(t) where τ(t) denotes
the scalar curvature of the metric g(t). A pseudo Riemannian manifold (M, g)
is a Yamabe soliton if it admits a vector field X such that

LXg = (τ − λ)g

where LX denotes the Lie derivative in the direction of the vector field X and
λ is a real number. In the Riemannian setting a complete Riemannian man-
ifold of dimension n ≥ 3 and constant scalar curvature admits a non trivial
Yamabe soliton if and only if it is locally Euclidean [5]. The situation is much
richer for Lorentzian metrics. We characterize Yamabe solitons and classify
left-invariant Yamabe solitons on three-dimensional homogeneous Lorentzian
manifolds, showing that the general class of Yamabe solitons is strictly greater
than the class of left-invariant Yamabe solitons [3].

A different way to evolve a given three-dimensional metric is by the Cotton
flow [4]. This flow is a one-parameter family of metrics g(t) satisfying ∂

∂tg(t) =
−λCg(t) where Cg(t) is the (0, 2)-Cotton tensor corresponding to the metric
g(t), which codifies the underlying conformal structure. A pseudo Riemannian
manifold (M, g) is a Cotton soliton if it admits a vector field X such that

LXg + C = λg.

In Riemannian signature, any compact Cotton soliton is locally conformally flat,
while compact Lorentzian examples are available in the non locally conformally
flat setting [1]. We analyze the existence of non trivial left-invariant Cotton
solitons on three-dimensional Lorentzian Lie groups. Finally by using the notion
of algebraic Cotton soliton we construct non-invariant shrinking and expanding
Lorentzian homogeneous Cotton solitons which are non-trivial on the Heisenberg
group and the group E(1, 1) of the rigid movements of the Minkowskian plane
[2].
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