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1. Introduction: the classical case

Throughout this section, (Ω,A,P) will be a statistical experiment, i.e., P
is a family of probability measures on the measurable space (Ω,A).

The paper [2] introduces a weak notion of equivalence of σ-fields to es-
tablish a right statement of part (i) of Theorem 4 of [1]. In a statistical
framework, it is assured there that two σ-fields are independent if and only if
they are conditionally independent given its intersection and this intersection
is equivalent to the trivial σ-field; nevertheless, in order to obtain a valid re-
sult, equivalence should be replaced by weak equivalence. The mistake is due
to the fact that, although independence and conditional independence mean
P -independence and conditional P -independence for every probability mea-
sure P ∈ P, equivalence is not P -equivalence for every P ; in fact, this is the
classical concept of weak equivalence. In this paper, the Bayesian analogue of
weak equivalence is introduced to obtain some Bayesian results of same kind.

To motivate the Bayesian concepts and results to be presented in the
next sections, let us study the classical case (the adjectives “classical” and
“frequentist” are used, as usual, as opposed to “Bayesian”).

Let P ∈ P. An event A ∈ A is said to be P -null if P (A) = 0; it is said to
be null (or P-null) if it is P -null for all P ∈ P. Two events A,B ∈ A are said
to be P -equivalent (resp., P-equivalent) if A4B is a P -null (resp., P-null)
event; we write A ∼P B (resp., A ∼ B). Given two sub-σ-fields B, C of A
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we will say that B is P -contained (resp., P-contained) in C, and we will write
B⊂∼ P

C (resp., B⊂∼C) if for every B ∈ B there exists C ∈ C such that B ∼P C

(resp., B ∼ C); B and C will be said to be P -equivalent (resp., P-equivalent
or, simply, equivalent), and we will write B ∼P C (resp., B ∼ C) if B⊂∼ P

C and
C ⊂∼ P

B (resp., B⊂∼C and C ⊂∼B). Equivalence to the trivial σ-field {∅,Ω} will
be named P-triviality.

The weak notion of equivalence of σ-fields introduced in [2] reads as follows:
the σ-fields B and C are said to be weakly equivalent if they are P -equivalent
for all P ∈ P. We will write B w∼ C. Weak equivalence to the trivial σ-field
will be referred to as weak triviality. It should be noted that equivalence and
weak equivalence coincide when there is a probability measure in the family
P dominating the whole family, as it can be readily proved.

Let B, C,D be three sub-σ-fields of A; for P ∈ P, the σ-fields B and C are
said to be P -conditionally independent given D, and we will write B⊥⊥PC |D,
if P (B ∩ C|D) ∼P P (B|D) · P (C|D), ∀B ∈ B, ∀C ∈ C. It is a well known
fact that this is equivalent to E(b|C ∨D) = E(b|D), ∀b ∈ [B]+, where C ∨D is
the least σ-field containing C ∪ D and [B]+ is the set of the real non-negative
B-measurable functions on Ω. Conditional P-independence (or, simply, con-
ditional independence) means conditional P -independence for every P ∈ P.
Conditional independence given the trivial σ-field {∅,Ω} is independence, and
we write B⊥⊥C. An easily proved and right statement of part (i) of Theorem
4 of [1] becomes: the σ-fields B and C are independent if and only if they are
conditional independent given B ∩ C and B ∩ C w∼ {∅,Ω}.

Let us introduce some other concepts of probability theory to be used later.
Let (Ω,A, P ) be a probability space and B, C,D be sub-σ-fields of A. We will
denote by B the completed σ-field of B, i.e., the least σ-field containing B and
the P -null sets.

We will say that B and C are measurably separated conditionally on D,
and we will write B ‖ C | D, if (B ∨ D) ∩ (C ∨ D) = D. Roughly speaking,
the common events to the two σ-fields are in the conditioning σ-field. It can
be shown that B⊥⊥C | D implies B ‖ C | D. When D is the trivial σ-field,
B and C are said to be measurably separated; we write B ‖ C. Let us also
recall that a σ-field A is said to be separable if there exists a countable family
{An : n ∈ N} ⊂ A generating A (i.e., A is the least σ-field containing this
family); it is easy to prove that a separable σ-field can be generated by a
countable sub-field. The reader can find in [3] the basic properties that will
be needed about the concepts above.
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2. Weak equivalence in the Bayesian case

This section introduces the definition of weak equivalence under the Bayesian
point of view. First, we fix the framework for Bayesian statistics and the no-
tations to be used throughout the rest of the paper.

Following [3] we will say that a Bayesian experiment is a probability space
E = (Ω×Θ,A×T ,Π), where (Ω,A) is the sample space, (Θ, T ) is the param-
eter space and Π is a probability measure whose restriction to (Θ, T ) (resp.,
(Ω,A)) is the prior probability Q (resp., the predictive probability β∗Q); the
sampling and posterior probabilities appear as conditional distributions (if
they exist) of one of the coordinate maps given the other one.

In a Bayesian framework, all the probability concepts to be used (such as
independence, conditional independence, measurable separation,. . . ) will be
referred to the probability Π, unless the contrary be explicitly stated.

We usually arrive at a Bayesian experiment from a statistical experiment
(Ω,A,P) = (Ω,A, {Pθ : θ ∈ Θ}) where the parameter space Θ is endowed
with a σ-field T and a prior probability Q, and supposing that Pθ(A) is a
measurable function of θ for every fixed A ∈ A; in this situation, a generalized
product measure theorem yields an unique probability Π on the product space
(Ω×Θ,A×T ) such that Π(A×T ) =

∫
T Pθ(A) dQ(θ), for all A ∈ A and T ∈ T .

We will say that Π is the composition of Q and the sampling probability
measures Pθ. A sub-σ-field C of A is said to be regular (see [3]) if, for every
a ∈ [A]+, the map (ω, θ) → Eθ(a|C)(ω) is C×T -measurable; in other words, C
is regular if the map (ω, θ) → Eθ(a|C)(ω) is a version of E(a|C × T ) for every
a ∈ [A]+.

A sub-σ-field B (resp., S) of A (resp., of T ) will be considered also as a sub-
σ-field of A×T through its identification with B×{∅, Θ} (resp., {∅, Ω}×S).

We are ready to introduce the definition of weak equivalence in the Bayesian
setting.

Definition. Let B and C sub-σ-fields of A.
(i) We will say that B is weakly Π-contained in C, and we will write B w⊂∼C,

if B ⊂ C × T .
(ii) We will say that B and C are weakly Π-equivalent, and we will write

B w∼ C, if each one is weakly Π-contained in the other one.
(iii) A sub-σ-field of A is said to be weakly Π-trivial if it is weakly Π-

equivalent to the trivial σ-field {∅,Ω×Θ}.
Let us include a first result justifying that the previous definition of weak
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equivalence is the Bayesian analogue of the frequentist one.

Proposition 1. Let (Ω×Θ,A×T , Π) a Bayesian experiment induced by a
statistical experiment (Ω,A, {Pθ : θ ∈ Θ}) and a prior probability distribution
Q on the parameter space (Θ, T ). Let B and C be two sub-σ-fields of A. If A
is separable and C is regular, the following propositions are equivalent:

(i) B w⊂∼C.
(ii) For every B ∈ B, there exists a Q-null set TB ∈ T such that for every

θ ∈ Θ \ TB there exists an event Cθ ∈ C which is Pθ-equivalent to B.

It has been noted above that, in the classical case, weak equivalence and
equivalence coincide when a probability measure in the family dominates all
the family. Next, we search for similar results in the Bayesian case.

Proposition 2. Let B and C be two sub-σ-fields of A. Then

(i) (B w⊂∼C) + (B ‖ T | C) ⇐⇒ (B⊂∼C).
(ii) (B w∼ C) + (B ‖ T | C) + (C ‖ T | B) ⇐⇒ (B ∼ C).

Corollary 3. If Π ∼ β∗Q ×Q then equivalence and weak equivalence of
σ-fields of A coincide.

Remark. For a Bayesian experiment induced by a statistical experiment
(Ω,A, {Pθ : θ ∈ (Θ, T )}) and a prior probability distribution Q, it can be
shown that Π ∼ β∗Q ×Q when all the probability measures Pθ have the same
null sets and the likelihood function dPθ(ω)/dµ is A×T -measurable, where µ
is any σ-finite measure with the same null sets that Pθ (see [7, Proposition 7)).
This yields an easily verified condition under which the Bayesian concepts of
equivalence and weak equivalence coincide.

3. Weak equivalence and independence

In a classical statistical setting, we have stated above that two σ-fields B
and C are independent if and only if they are conditionally independent given
B∩C and B∩C is weakly trivial. In this section, we will obtain some Bayesian
analogues of this result.

First, we consider the following two propositions concerning two sub-σ-
fields B and C of A:
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(P1) B⊥⊥C | B ∩ C.
(P2) B⊥⊥C | (B ∩ C)× T .

The Bayesian analogue of the classical conditional independence of B and
C given B ∩ C is (P2), and not (P1) as it could be thought at first sight (see
[4] and [5]) for a more detailed study on these propositions in the context of
sufficiency and invariance). It is for this reason that (P2) is usually referred
to as sampling conditional independence of B and C given B ∩ C.

The first part of the following theorem is a simple consequence of the
fact that the measurable separation of two σ-fields implies the triviality of
its intersection and is implied by its independence. The second part is the
sampling version of the first one.

Theorem 4. Given two σ-fields B and C of A, the following propositions
are satisfied:

(i) (B⊥⊥C) ⇐⇒ (B⊥⊥C | B ∩ C) + (B ‖ C).
(ii) (B⊥⊥C | T ) ⇐⇒ (B⊥⊥C | (B ∩ C)× T ) + (B ‖ C | T ).

We will show below that the condition of measurable separation of B and
C given T in the part (ii) of the theorem above can be replaced by the weak
triviality of B ∩ C, obtaining in this way the Bayesian analogue of the result
of [2] cited in the introduction. We need two previous lemmas.

Lemma 5. Let B and C be sub-σ-fields of A.

(i) The proposition B ‖ C | T implies the weak triviality of B ∩ C.
(ii) If C ⊂ B, the weak triviality of C is equivalent to the proposition

B ‖ C | T .

Lemma 6. If B ‖ C | (B ∩ C)× T and B ∩ C w∼ {∅, Ω×Θ}, then B ‖ C | T .

As a consequence of the two lemmas and the theorem of this section and the
fact that conditional independence implies measurable separation, we obtain
the desired result.

Theorem 7. Given two sub-σ-fields B and C of A, the two following
propositions are equivalent:

(i) B⊥⊥C | T .
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(ii) (B⊥⊥C | (B ∩ C)× T ) + (B ∩ C is weakly trivial).

To finish this paper we give an example showing that Theorem 7 improves
the part (ii) of Theorem 4 strictly. Namely, we will show two σ-fields B
and C whose intersection is weakly trivial that are not measurably separated
conditionally on T . This example also proves that the measurable separation
of B and C is a strictly stronger condition than the triviality of its intersection.

Example 1. Let Ω = [0, 4] × [0, 4] and A be the least σ-field containing
the sets [i, i + 1] × [j, j + 1], i, j = 0, 1, 2, 3, and the Lebesgue-null Borel sets
of Ω. Let P1 (resp., P2) be the restriction to A of the uniform distribution on
the set ([0, 1]× [3, 4])∪([1, 2]× [1, 2]) (resp., ([2, 3]× [2, 3])∪([3, 4]× [0, 2])). On
the parameter space Θ = {1, 2} we consider the prior distribution Q({1}) =
Q({2}) = 1/2. The probability Π satisfies

Π(A× T ) =
1
2
[IT (1)P1(A) + IT (2)P2(A)], A ∈ A, T ∈ T .

Let B (resp., C) the least sub-σ-field of A containing the set [1, 3]×[1, 3] (resp.,
containing the sets [i, i + 2] × [j, j + 2], i, j = 0, 2). Since B ∩ C = {∅, Ω}, we
have that B ∩ C ⊂ T , i.e., B ∩ C is weakly trivial. But B ∨ T ∩ C ∨ T is not
included in T since the set [1, 3] × [1, 3] × {1} is in this intersection and is
Π-equivalent to any event of T . Thus, B and C are not measurably separated
given T . Moreover, B and C are not measurably separated, because the event
[1, 3]× [1, 3] is not in {∅, Ω×Θ}.
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