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We have constructed a solution of the BGK model kinetic equation to describe a system subject to uniform shear flow and a
thermal gradient. The coexistence between both gradients is maintained in the system if the collision frequency is spatially uniform. In our model this particular case corresponds to the so-called VHP interaction.

1. Introduction

One of the macroscopic systems extensively studied in the past few years is that corresponding to the plane
Couette flow between two parallel plates in relative motion. Due to its simplicity, this system has been analyzed
using non-equilibrium statistical mechanics as well as simulation methods [ 11. Specifically, in the case of
Maxwell’s molecules (those with an inverse fourth power potential) and using Boltzmann’s equation (BE), an
explicit expression has been given for the stress tensor as a function of shear rate [ 21. However, for most other
types of potential the BE is too difficult to solve. Hence, the search for simplified versions of the BE. Among
these and probably the best known, is the BGK model. Using this model, Zwanzig [ 31 studied the problem of
a uniform shear flow and found a closed equation for the pressure tensor for potentials of the form r-p. Recently,
a consistent solution of the BGK equation has also been achieved in the case of a system subject to a nonuniform temperature gradient [ 41.
The aim of this paper is to give an analysis, based on the BGK equation, of the transport properties of a
system, in which a uniform shear flow coexists with a weak temperature gradient. The study of the coupling
between these two gradients has been treated previously using kinetic theory [ 51 and fluctuating hydrodynamics [ 61. In both cases, under suitable boundary conditions, the study could be carried out under steady-state
conditions. However, in our analysis the increase of temperature with time, due to the heat generated because
of the viscous heating term, is taken into account. This represents a substantial difference from previous work.
From our model, our conclusion is that a coexistence between both gradients is only possible in the particular
case that the collision frequency is spatially uniform. This case in our model corresponds to the so-called VHP
interaction, for which exact solutions of the BE [ 71 and the BGK model [ 81 are known. The proposed solution
appears as a power expansion of the temperature gradient, but its first moments are given as polynomials in the
thermal gradient. Specifically, the pressure tensor does not depend explicitly on temperature gradient ( v T) and
the heat flux is a linear function of VT. A generalized thermal conductivity can be defined which depends of the
shear rate. When considering more realistic potentials, a formal solution is suggested analogous to that of
Chapman-Enskog.
2. Uniform shear flow
We consider the BGK model kinetic equation for the one-particle distribution functionfIr,
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wherefLE is a function of the local equilibrium and C is the collision frequency. For repulsive potentials of the
form rep, ( depends on the density n and the temperature T:

<ccnTa,

(2)

with (Y= (cl- 4)/2,~ In the case of uniform shear flow, eq. (1) admits a solution characterized by a uniform
density and temperature,
(3)
where the initial distribution contribution has been neglected since we are considering long times.
In (3), considering local velocity fields of the form u, = e&S,,,r,, we have introduced the quantities Y= u- u,
U( t) = exp ( - IOds C(s) ) and rr is the matrix of components
r;,=6,,+E2t2Bly~jy+Et(8rxs,.y+Brys,~)

e

The temperature increases with time according to the equation of viscous heating [ 31. In this way for potentials of the form r+, the temporal variation of c will be
(dldt+r)2r”*-‘drldt=4E2ar”*+’

,

(4)

where (Y= 0 (Maxwell gas) has been excluded. If we suppose that C behaves as a power oft, the solution of (4)
for long times is given by
r(t)=je2LYt+A)
where A is a constant which depends on the initial conditions. This expression will be used later.
Since the shear rate required for non-Newtonian effects (the stress tensor depends non-linearly on the shear
rate) is unrealistically large, analysis of such effects are realized by computer simulation methods. A review of
such methods can be found in ref. [ 11.

3. Uniform shear flow plus temperaturegradient. Very-hard-particle (VHP) interaction
Let us suppose that we perturb the above state by introducing a weak thermal gradient. Under such conditions, we expect the macroscopic state to be characterized by a steady local density n(r), a linear velocity
u, = E~,>,,J, and a local temperature gradient To( r, t),
whose temporal dependence is fmed according to the
heating equation (4). In other words, because this state is the uniform shear flow state slightly perturbed, we
shall write the distribution function of the system in the form
f(r,Y;t)=fo(r,V;t)+~f(r,U;t)

5

(5)

To(r,s)and c( r, s) . Evidently, there
will be certain restrictions in order for the BGK equation to admit such a state.
In order to solve (1) for this hydrodynamic state, we need some boundary conditions. Nevertheless, we are
interested in transport properties in the bulk system, far away from the boundaries. Consequently, one would
hope to get the right answer by looking for a consistent solution to eq. (1 ), regardless of the details of the
boundary conditions. This is the spirit in which eq. (3) was obtained.
Inserting (5) into the BGK equation and taking into account thatf, is a solution when the spatial dependence
of the velocity is considered, we obtain for 6f(r, v; t) the expression

where f. is given by eq. ( 3)) but introducing the local dependence of n(r) ,
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(6)

where the quantity
I

O(r,t)=exp

U
-

ds

e"""l(r,s)
>

0

has been introduced andftE

(r, v, s)

is given by
(7)

The operator V which appears in (6) takes the form
Vn

a/an+vTaiaT,

since its action on u(r) has already been totally transferred through &
be consistent with the hydrodynamic state proposed, it is necessary that
6n=

s

S(nu)=/dvvGf=O,

dvSf=O,

jin,v-u,’

S(nk,T)=Jdv

(r, v, s).

Sf=O.

In order that the function Sf
(8)

However, Sfdoes not satisfy these conditions even to first order in the thermal gradient (Navier-Stokes).
Consequently we impose certain restrictions in order to obtain a consistent solution. By simple inspection of
the macroscopic balance equations, these conditions are
wVn=wVT=O,

Vp=O,

vg=o,

V(VT)=O,

(9)

where p = nkBT is the hydrostatic scalar pressure.
This means that we are going to impose an orthogonal constant temperature gradient to the velocity IJ which
is coupled with the density gradient in such a way that the pressure is uniform. In addition we are supposing a
molecular interaction model with a uniform collision frequency. If o = 1 in eq. (2)) C(t) ap( t) which is uniform
in our model. This particular case corresponds to the so-called very-hard-particle (VHP) interaction. If we
consider a more realistic potential with c depending on r, the uniform shear flow would be perturbed by the
presence of VT and the velocity profile would no longer be linear. In any case, the solution obtained from (6)
for the hydrodynamic state proposed would be approximate. However our study is confined to the VHP model.
In this model Sftakes the form

s
I

Ef(r,v,t)=

312

ds

0

x

(S--t)”

f
II=1

7

(V*VT)n

n[T(s)]-5’2

exp( -&

)
B

(10)

where we have suppressed the explicit dependence on r. In spite of this, Sf is given by an expansion in powers
of VT and its first moments are given by polynomic functions of VT. Specifically, 6 n = S (nu,) = 6p= 0, and this
shows the consistency of the solution. Additionally
6P=
528

s

dv mYVGf=O

.

(11)
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There is no coupling between the shear rate and the temperature gradient in the pressure tensor. The first
moment different from zero corresponds to the heat flux. This is a linear function of the temperature gradient.
So, 6 J= -A* VT, where A is the generalized thermal conductivity tensor defined by
nkg

Qt)
A(t) =-2mT( t) s d.suo

Us)

(t--s)[T(s)12&-s

(12)

0

andA~(tr~-‘)~-‘+2~-‘~-‘.Introducingthevariablesx=ft2t2andy=f~2(t2-s2),thetensorA(~)for
long times is
A(E)=

skBp@)
lim

x

2 mC(t) X+m so

dy (x-y)[

1- (1 -ylX)“2]?;e-YA~SX~~~~r-I~1_~1_y,X~1,Z1
,

(13)

where we have taken into account the time behaviour of T(t) and l(t). In order to evaluate this integral we
need the result
x

lim (2x)”
x-m

s

dy (x-y)[1-(1-y/x)1’2]“+1e-y=f(n+1)!,

(14)

0

and then, the tensor A is finally

4,(E*) = Tj5 nk’T(t)
m(.(t)

[(l+ 12~*~+72t*4)6,,6,~+(1+‘&*2)6,6,,,+(1

-(‘PE*+Y~*‘)(6i~6,y+6,y6,,)1

+$E*~)~~,S,~

(15)

with E*= E/C.The generalized thermal conductivity tensor is thus a polynomial in the dimensionless shear rate
e*. The dependence of A(E*) on E* is mainly formal, since in the limit t+cq E*+O. Consequently, eq. (15)
gives the first terms of the Chapman-Enskog expansion of A( c*). This explains the polynomial dependence
obtained. In the case z-*0, the results corresponding to a steady-state heat flux are again obtained [ 41.
Experimental measurements on the viscosity of liquids in the presence of thermal gradients have been made
[ 91. However, the lack of experimental data on thermal conductivity in the presence of a shear rate, make a
comparison of our results impossible at the present time.
In the case of weak shears and temperature gradients (linearized hydrodynamics), the viscous heating can be
neglected so the transport coefficients do not depend on time. Under these conditions, in accordance with eqs.
(3), (11) and (15 ), we obtain the Navier-Stokes hydrodynamics equations with shear viscosity q= nk,TlC,
and thermal conductivity 1= +jnkg TlmC. This is in agreement with the Chapman-Enskog expansion of the BGK
equation.

4. Remarks

We have studied the coupling between the shear flow and a temperature gradient in the BGK kinetic model
of the Boltzmann equation. Such a coexistence is only possible in the particular case of a uniform collision
frequency, which in our model corresponds to the so-called VHP interaction. In any other case, the shear flow
cannot be maintained in the system because it is perturbed by the imposed temperature gradient. For this
interaction model, the momentum (pressure tensor) and heat fluxes have been evaluated for long times. Whereas
the pressure tensor does not depend explicitly on the temperature gradient VT, the heat flux is a linear function
of VT. We have obtained a generalized (linear) Fourier law and defined a generalized thermal conductivity
529
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tensor that depends on the dimensionless shear rate E*.
Despite the fact that the model studied does not correspond to any real physical potential, we think that this
study can be useful as a starting point for the analysis of more realistic systems. Specifically, we are elaborating
a kinetic model for the case of Maxwell molecules based on a perturbative expansion around the uniform shear
flow distribution fO(r, v, t). The results will be published elsewhere.
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